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CHAPTER - I 


IH IROLUC 1IOII 

In this chapter we propose to give a brief historical 
account of the work done in the field of ” Special Functions 
of Mathematical Physics and their App lie at ions in Combinatorial 
Analysis” . The vastness and scattering of the subject makes 
it difficult to give a comprehensive review of the entire 
literature, however attempt has been made to deal those aspects 
which have direct bearing on my work, done in the present 
thesis in some details® 

Special functions of mathematical physics which were 
considered the solutions of partial differential equations, 
governing the behaviour of certain physical quantities like 
wave equation, Laplace equation, diffusion equation etc* have 
been studied by many authors in their own ways. Prof. Bateman 
(1882-46) is considered as one of the greatest authorities who 
studied the subject in a classical manner. 

Apart from its usefulness by scientist, we find the 
subject more interesting while dealing with certain theoretics 
problems. The chief organs in the study of special function? 
have been Rodrigues type formulae, Generating relations. 
Recurrence relations, Relations with other functions, Operatl 
formulae etc. Further various polynomials have been genera- 
lized in different directions with the help of differential 
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equations, recurrence relations, generating functions, 

Rodrigues type formula and so on. 

A great amount of work has been done on the study of 
classical polynomials like Hermite, Laguerre, Bessel, Legendre, 
Gagenbauer, Bell, Truesdel type unified presentation of 
classical polynomials and Humbert polynomials. Another field 
in which work is carried out is in the field of numbers like 
Eulerian numbers, Bernoulli’s numbers and Stirling numbers etc* 

1 #1 GENERALIZATION OF ROBRIGUES FORMULA 

The Rodrigues type formulae have been widely used by 
numerous researchers in the past. The classical orthogonal 
polynomials have a generalized Rodrigue’s formula of the 
form, 

(1.1.1) i? n u) = u n [><*) 3 

* 33 = h ’ n ” — 

where k^ is a constant, X is a polynomial in x whose 
coefficients are independent of n, w(x) is the weight 
function and F (x) is a polynomial of degree n in x. 

Conversely, any system of orthogonal polynomials which 
satisfies (1.1.1) can be reduced to a classical set* 

The Legendre, Laguerre and Hermite polynomials which 
satisfy (1.1.1) are the particular cases of the Rodrigue’s 
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formula. They are as follows s 

(1.1.8) P n (x) = d“(x 2 -1 f , 

n 2 ,n! 

(1.1.3) l£*\x) = — x” a e x D n (x a+n e“ x ) , 

(1.1.4) yx) = (-if e x2 D n (e^ 2 ). 

In view of the above formulae and the Rodrigne’s 
formulae for ultr asp her ical polynomials P^^x) and Jacobi 
polynomials (1859) \x) which are generalizations of 

Legendre polynomials led researchers to develop and generalize 
them in different directions. In 1901 Appell £33 gave a 
new generalization of the class of polynomials defined by the 
relation 

(1.1.5) R£ n ( x ) = D n C x n ( 1-x 2 ) n 3 • 


Hielsen [3,403 1918 derived a formula for H^^x ) as 


min(m,n) v m „ 

(1.1.6) V n (x) = ^ (-8) k ^)(") JC! 


Burchnall 1941 3 7 13 employed an operation formula to 
prove formula of Helsen C 403 given by (1.1.5). The Burchnall’ : 
operational formula is, 

(D-2x)“ = S (-if"* (?) ip k (x) D k 
b=0 K 

Oioranensen [39 3 i n 1933 generalized Legendre polynomial! 
by defining the formula 
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where Q n (x) = (x-a^) (x-ag) ... (x-a^.) is a polynomial of degree 
k and A n is any suitable constant. 

1 

In 1938 Angelescu on studied the polynomials it n (x) 
connected with Appell and defined as 

(1.1.8) % (x) - e x D n (e' x A^x)} 

where the set of polynomials A^x) forms an Appell set. 

In an attempt to generalize the works of J.G, Steffenson 
Q 543 (1928), Maurice de Duffahel (1936) (3 23 3 j 1* Toscano (1952 ) 
3 5831 » Humbert (1923) £293 3X ^ Obak (1956) {3 83 introduced 
two classes of polynomials and studied them separately which 

| 

are given by 

(1.1.9) G^(x) = x a ^ e x 9 n (x a e“ x ) 

and j 

(1.1.10) p^(x) * ~r x ” a 1)31 O n+a e ” x 3 
} *1 

where 0 = x D. 

Ohak obtain following two generating functions for 
P^(x) as, 


1 Several paper on m n (x) have been written by many Indian 

Mathematicians, See also J. Meixner; Jour, Lond. Math. Soc. 9 
(1934) pp. 6-13. 
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l t n Pl a ” 2n \x) 


n=0 ' n ’ r 


( 1-fI+TE ) a+ 1 l+fl+4t r 

exp { x r ]l ■<- - s P2 } 


>a+l 


f l+4t 


and 


S t n P^ n >(x) 
n=0 n ’ 


e x a - (-^ r> 

= (" " 77T / * 

2t Y^“4t 

P.K. Me non £ 38 j[ in 1941 has generalized Legendre 
polynomials as, 

(1.1.11) P (z) = -1— D n (z S -l) n 

n ’ s nt s 

These polynomials satisfy the following differential 
e q uati on 

(1.1.12) (l-z s ) LJL + 2 (®) (n+s-l)(rn~n~s+r ) 

dz s r=l r 

. z s “ r £— Z = o. 

dz s " r 

Menon derived recurrence relations and evaluated certain 
integrals. He also provedthat zeros of these polynomials lie 
within the unit circle jz| = 1, symmetrically situated on the 
radial lines to points representing the sth roots of unity. 

Krall-Prink Q 33 [] in 1949 obtained a class of 
polynomials which they called ’’Bessel polynomials i”. These 
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polynomials were the solution of the classical wave equation 
in spherical coordinates. They defined them in the following 
manner 


(1.1.13) 


y n (x; 


,,b) = b _n x Z-a e b / x D n £ x 2E+a - 2 e -V*J 


Agarwal £ l3 i n 1948 proved that the Bessel polynomials 
are limiting case of Jacobi polynomials and are related by 
relation 


(1.1.14) y (x; a,b ) « It llfifrlLli&l . p(e~ 1 > a ^e-l)( 1+ 2|X) < 
11 0-*oo r (n+e ) u P 

Another interesting study, starting with Rodrigue 1 s 

formula is due to E.T. Bell (1934) £ 5^ • He studied the 

polynomials 5 n (x,tjr) given by 


(1.1.15) £ n (x,t;r) = exp (-xt r ) D n (e 3 ^) 

and called them as exponential polynomials. His methods are 
based on u Umber al Calculus” which was first studied by Blissard 
in England and expounded by Lucas in his theory of numbers. 

Bell showed tnat the functions 

- x t 2r 

(1.1.16) e n (x,t;2r) = e ^ 5 n (-x,tj2r) 

form orthogonal set of polynomials in the interval (-«,«>) i.e., 

oo 

(1.1.17) / ? C m dt = 0, m f n. 

*»oo 

He also extended Appell polynomials. 
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Vincente Oancalaves [[63 3 in 1943 has proved that the 
functi ons 

(1.1.18) Y = Ae"^ x ^ D n A 11 ” 1 3 

is a solution of the equation 

(1. 1.19) AY 11 + BY* + CY = 0 

2 

where A = a Q x + a^x + ag 
B = h 0 x + b 1 

and 0 is a constant and » / BA dx; also n is positive integer 
which is assumed to he root of the equation 

(1.1.20) a 0 S(C-l) + h Q C + G = 0. 

He showed that Y = 0 is a necessary and sufficient 
condition that the equation has two polynomial solutions. 

In the more general form 
n 

(1.1.21) THTT — n {p ( x ) [[X( X ): n > 5 ( n = 0,1,. .. ) 

' dx 

where p(x) and X(x) are independent of n, p(x) is the infinitely 
differentiable function and X(x) is a polynomial, Iricomi 
showed that the degree of X(x) should not exceed 2 in order that 
all the polynomials may be generated by ( 1. 1.21) anlmay be reduced: 
to one of the classical orthogonal polynomials by a linear 
change of independent variable. A.M, Chak [[8 3 in 1956 
considered the polynomials 
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(1.1.22) Q^ r } (x) = (x n+a e “ x ), 

and obtained the differential equation satisfied by Q^ >r ( x ) as 

(1.1.23) xy (r+1 ^ + (r+rx r -a ) y (r) + r C^) * 

m r-m Tr r-m _ n 
. r x y - u 

(n) d*V 

where y v = — ■& • 
dx 

in 1959 F.J. Palas 03 studied the generating function 

(1.1.24) (1-t)' 1 exp [>* “(*>1 = \ (X) * ’ 

where u(t) = 1 - (l-t)“ k and showed that the polynomials 


satisfy the Rodrigue’s formula 

(1.1.25) = | r ( tx )3a ( * n 



At the same time, Raj Gopal d 4=3 IS studied similar 
generalizations of Hermite polynomials by replacing r for the 

exponent 2. 

In 1958 Riordan [>53 studied the Bell polynomials 
h (g,h) which are given hy the following relation 

(1.1.26) 88 e D e , 

where h is a constant and g some specified function. 

iy g ,h) polynomials satisfy following operational formula 
which is due to Riordan, 
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(1.1.27) (D + hg’f- 1 = (-if B^(g,h), 

(where g* = |- g). 

In 1960 Garlitz £ 10 “J derived, following relation 
analogous to 

(D~2x) n = 2 (-1)^ (?) H (x) 

k=0 

but involving Laguerre polynomials 

(1.1.28) te (xD-x+a+o ) = nS 2 pf- l^ a t, k \x) D k 

0=1 k=0 n ' K 

Gould-Hopper (1962) £ 27 gave formulas similar to 

(1.1.28) but which do not involve Laguerre polynomials, which 
is given by the relation, 

(1.1.29) it (xDfa+o ) = Z (?) (£ + ?) (n-k)! xV. 

0=1 k=0 K n-K: 

'I hey also studied two generalizations of Hermite 
polynomials, as 

(1.1.30) H^ r a,p ) = (~l) n x~ a eP^ D n (x a 
and 

(1.1.31) g^ r \x,h) = e* 1 D x n 

where D = • 

Gould-Hopper £27] obtained following expansion 
formulae 
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XI 

( 1.1.32 ) |J = £ (-l) n “ k (£) H<^(x,a,p) D k 

n iq-jQ *• 11 JX 

where 0 = - pr x 17 ” 1 + ~ . 

Burchnall £ ? H is the special case of (1,1,32) when 
a = 0, r = 2, p=l 

(1.1.33) (xs) ) n = 2 P(x,k)x k D k 

k=0 

n-k . . , . 

where P(x,k) = £ (-l) 3 ( ) S(n, 3+k) x J Hr:(x,a,p) and 

3=0 3 

S(n,j) = 4- & n o n = i=iii £ (-l) k (j) k n ,(S(n,j) are 

D- 3 1 k=o K 

Stirling numbers of second kind) 

(1.1.34) D“ >q = | (-1 ) n " 3 (•) ^(x.b-a.q-p) £j> (p . 

Raj G-opal j~443| in 1960 obtained an operational 
formula for Bessel polynomials as* 

(1.1.35) 

= M“) 2 n ~ r x 2r y n _ r (x,2+2r,2) D r .X. 

Garlitz [] 10]] in 1960 gave a generalized formula for 
Laguerre polynomials as 

n (xD-x+a+j) = ni £ |r l^^^Cx) D k 
j=l k=0 121 

S.K. Chatter je a [] 19]} in 1966 gave a further generalized 
operational formula of his operational formula given in 1963 in 
his papers (313,14,15]] as, 
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n 


(1.1.36 ) n {x k D + (a+k--prx r ) x^ -1 } X 
.i=l 3 


3Q 

= 2 ( “ ) s ks 4fo (xna+ks,k,p) B S X : 

s=0 


operational formulae for Hermite, Laguerre and Bessel 
polynomials due to Burchnall J“ ?3 , Carlitz £ 10 3 an<3 - 
Raj Gopal £ 43 3 are particular cases of (1.1.36). He also 
gave an operation equivalence as, 

(1.1.37) x (k-l)n n (xD-prx r +a+lai-j ) 

3=0 

= n {x 1 ^ + (a+k3-prx r )x^ C “ 1 } . 

3=1 

S.K. Chat ter j ee 19 33 i n 1966 also introduced a generalized 
function given by the relation 

(1.1.38) ^(xsa.k.p) = x_a e piI D“[; ! l! " a e-® xr ] . 

R.P. Singh H 50jj in 1965 derived an operational formula for 
Jacobi polynomials as, 


(1.1.39) 


9 

n {(l-x )D-(a+§+2j) x+p-a} 
3=1 


n 

2 

k=0 


11 

k! 


n-k 


nl(l-x 2 ) k P^ k,P+k \x) D* 


with the help of this operational formula he proved two 
identities, 
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and 

(1.1.41) 


n 


(i.i.lo) P^’^Cx) = J Q (a+P+SlH-M-l); 


p(a+p ,p+lc)( ;x ) p (a+n+lc,p+n+ic)^^ 


m-k 


Z (~.l) k ( a ^ n )(l-x) n “ k (l+x) n+lc L^ k \x+1) 


te=0 




k=0 


Following G-ould-Hopper |~ 27 3 » Singh-Srivastava £ 51 j[ gave 
the following generalization of Laguerre polynomials, 

(1.1.42) l4 o) (x,r,p) = i- x -“eP x V 

S.K. Chatter jea [_ 18 3 in 1964 gave the same generalization 
hut he used different notation viz (x,p ) • Singh- 

Srivastava studied orthogonality in this paper whereas 
Chatterjea obtained an operational formula given by the 
following relation 

n k 

(1.1.43) n (xIM-a+ j-hpx ).Y 
3=1 

— ni y 2L. rp(oc+r ) / \ y.r y 

~ n ‘ rl x k(n-r n • 1 * 

S.K. Chatter jea £ 16 [] in 1963 gave a generalization by the 
following relation 

(1*1.44) T^tx) = |r xV 3 * 

dx 



following Palas £42£ • Perhaps this generalization which 
was already made by Ohak £8J in 1956 remained un-noticed 
to him. Poliowing M, Obreskov £ 41 £ , Ohatterjea £L7,18] 
generalized Bessel polynomials in 1964 as 

(1.1.45) *n k) U.a,i>) - f" n 


a - \ 


X e "3 


.D n „- b / x 

and showed that 

(1.1.46) M^(x,a,b) * nl (~J) n l^“ kn, ' a+k+1 \b/x). 
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C.M. Joshi and J.P. Singhal £ 3l£ introduced a class 
of polynomials unifying the generalized Hermite and Laguerre 
polynomials by means of Rodngue’s formula 

r 

/ \ r -_n . a+qn — px , 

(1.1.47) J^. a ^(x,r,p,q) = C(q,n)x'" a e p2: 11 { x e } * 


where , 

/ 1 )(n/2)(q-l)(q-2) 

0(<1 ’ n) = ’ 

* U; nq(2-l) 

q being a non-negative integer. 

R.P « Singh £49]] in 1967 generalized Trues dell 
polynomials as, 

(1.1.48) T a (x,r,p) = x“ a e px (xD) n (x a e“ px ). 


P.N. Srivastava £ 46 £ in 1969 considered generalized 


polynomials as, 
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(1.1.49) G n (h,g) = e" hg (xD) n e 3 ^ . 

H.M. Sri vast ava-J .P . Singhal d 52 j in 1971 introduced 
a class of polynomials hy the relation, 

(1.1.50) 4 a W,P,^) = x~ a ~ lm e pxr e n (x a e“ pxr ), 


where 0 = x 3s:+1 D. 


n! 


Chandel recently studied which he called as a new 
class of polynomials as, 

(1.1.51) 4 a ’ k) (x,r,p) = x^X (x k y n (xV^,. 


dx- 


Ghandel-Agarwal £ 22 d ^ 3-975 extended Rodrigue's 
formula for Jacohi polynomials as, 

(1.1.52) (x;p ,r,s,c,d) = (x^c) , a (A<y_f , . 


~n , 
2 n! 


H.M. Sr ivastava-ReRha Panda d H in 3-975 gave a 
sequence of functions as, 

(1.1.53) S^“^ ) nx,a,b,c,d i v,e;w(x)3= . 

D n C; (ax+b)' , “' 0 ‘(cx+d) eil+ Pw(x)3 . 

P,H. Srivastava recently gave a unified presentation 
of a class of polynomials as, 
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(1.1.54) p(a»P> k )( Xfr> s,m) = x~ a ( l-lcx r )"^ k 

:+ sn 


D n £ x a+mn ( l-kan. ) 


1- 


Recently P .IT. Srivastava £ 47 ]] Introduced a new function 
defined by the relation, 

(a sr,p ) 


(1.1.55) G n 0 


( x j , ag » * • » j a n ) 


= x 


•(a +a.+ ♦ . ,+a )+n r n a r 

0 1 n e px n j) (x o e -px } 

3=1 3 


a. 


where = x 3 D. 


1.2 GEHERALIZATIOMS OP FORMULAE ANALOGOUS 10 RODRIGUE'S 
FORMULA 


numerous polynomials and functions have been defined by 
the formulae analogous to Rodrigue's formula in special functions 
of Mathematical Physics. While defining various polynomials 
and functions, researchers have used some operators viz. 

lr l^A.1 ^ v* 

xD, x D, x D, n x D etc. She most common polynomials, 

r=l 

functions and numbers defined by above operators are fruesdell 
type polynomials, Stirling numbers and generalized polynomials. 
Besides operator D, operator x lc D has been used very frequently 
by researchers for a long time. Oarlitz |_11,12] in 1930-32 
used more general operators to define the nos a„ . satisfying 

H 9 S 

following relation, 


( 1.2.1) 


IT 


a. 


"1> S i=o 


= s 3. (s,r.) a. 


n,s-H+i 
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where I is independent of s and n and 
a ±1 =l, a lg =0 (s f 1) . 


these a re called generalised Stirling numbers. He 
used an operator (x x D x ) n in 1930 j” 11 3 and two other 
operators (x X+v D y ) n and (x x D x+y ) n in 1932, Z 12 1 • 

Toscano J} 59 ]} used the operator (xH) to define 
polynomials G^ ; (x) as, 

(1.2.2) G^^x) = x“ a e X (xD) n x a e~ X . 


r .e . a n ^ r 
( 1.2.3) 


Toscano [60,61] also defined generalized Sterling numbers 
(u) 


by the following relations 


,(*) 

a n,l 


(~l) n u(utfl). . . (u+n-2), 


a. 


(u) = 

'n,n 

S' 1 -) = 

n,i 


and, 


£1,1-1 - C-K-O-i: a n-l,i • 


(u) 


He also connected his results [[61]} with the operators A 
and X which satisfy the relation 

(1.2.4) AX - XA = 1. 

1 

Hadwiger [[30]} in 1943 used the operator (— D) and 
obtained following relation, 


(1.2.5) 


(“ D) n = (-2X* 


x 



t ( 2n-r~l )l 
zti (n-r )l (r-i) ! 


(~2x) r D r . 



He used it to establish a relation between Laguerre 
polynomials and Bessel functions. Chafe j~ 8 ^ defined a 
function gW, (x) as, 

II y ix 

(1.2.6) G^(x) = >; -a-nfe+n e ~ x x a . 

H.Ivl. Srivastava C55] defined functions by the following 
generating function 


(1.2.7) 


(1-u) 


v+T 


{ w- 
e 


w 


} 


(l ~ u)X = * £*< v ?(-) 
m=0 m ' m,x 


V 


where X (x) is given by 


v+1 


(1.2.8) L< v >(x) =^V (v+n+l) / X (x + x D) n (e- X x“) 

Hi y A 

and also 


(1.2.9) G<£>(x) = L n“l/fe-l y/k+1(x) * 

Chafe also used the operator (x^T3) n to generalize the 
Stirling numbers, All v , as, 


(1.2.10) (x k D) n = l A a , . x 1+a D 1 x" (X 

1= 0 n * x * 1 

and 

(1.2.11) (A) n = x n(k “ 1} > M-l) n “ i } i ‘ x cc D 1 x 1 ~ a . 


He also gave the following relation. 
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W.A. Al-Salam £ 2 J used the operator 6 = x(l+xD) to 
represent Laguerre and Jacobi polynomials by the following 
relations, 

(1.2.13) eVe“ x = x a+n e x n! L^ a \x). 

(1.2.14) 0 n ' {x a (l-x)^ +n > = x a+n (l-x)^ni P^ 5 ^ \l-2x), 
R.P. Singh Q 49 3 generalized loscano* s polynomials as, 

(1.2.15) ^ a \x,r,p) = x~ a e px (xD) n (x a e~ pxr ) 

where l^ a ^(x,r,p) has following explicit form, 

/ \ n k rk k . , 

(1.2.16) T^(x,r,p ) = Z JQC- 1 (-l) 3 (^)(a+rj) n . 

n ' k=0 j=0 3 

(1.2.15) provides extension to Stirling numbers 

n 

(1.2.17) A„(x) = Z S(n,k)x , 

1 k=0 

where S(n,k) are Stirling number of second kind given by 
following relation 

(1.2.18) S(n,k) = _Z q (-i) 3 (^)3 n = |r * n o n • 

Thus he got, 

(1.2.19) li a \x,r,-p) = Z S a (n,k,r) p k x rk , 

n k=0 

therefore with (1.2.16) 
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(1.2.20) s a (n,k,r) = 2 (-1) j (?) (a+rj ) n , 

3=0 3 


/y 

recurrence relation for S (n,k,r) i 


(1.2. 21) S a (n+l,k,r) = r S a (n,k-l,r) + (a+rj) S w '(n,k,r). 

R.G. Singh C hand el SO^J generalized l 1 ruesdell poly- 

nomials as 2^ a,k ^(x,r ,p ) by the relation 

(1.2.22) f^ a,k ^(x,r,p) = x~ a e px (x k D) n £ x a e " px ] 
which is generated by 


a. 


r 

“ EH 


(1.2,23) £ l-(k-l)t )* 


r t n m(a»k)/ \ 

= HT T n ( x * r >P> 


n=0 


The 


explicit form of T^ a,k \x,r,p ) is 


(1.2.24) T^ a,k \x,r,p) = x^ k ” 1)n Z , 


t=0 


tt 


q=0 1 

where a^ k,n ^ = a(a+k)(a+2k). . ,(a+nk-k) . So, he generalized 
the Stirling numbers as 

(1.2.25) S^ a,1 ^(n,r,q) = £ (-l) t ( J)(a+rt )^ 1,n \ 

t=0 t 


This also generalizes (1*1.20) and ^ ^ as, 
(1.2.26) ^k,i = ^ (-1) 1 ( g )(a+s)*‘ k “ 1,n ^ . 
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P.K. Shrivastava £48 3 used an extended form of the 
operator of the type (vx a D+r)X^D) and for this purpose he 


,, n+1 


defined new generalized numbers A . (a ) as, 

° q+ 1 o 1 J n 7 


(1.2.27) H 3> r 'f= S A"J(a o ; ai , 


* ® J • 


r=i q=Q -q+l'-o’-l’-"-*' 

a + • • •-fa — n+q —a 

.x 0 n D^x 0 f) 


where S) = x r D and n 3} = 3$ Si. .... if) . 

r .. . ->r - n n-1 - x l 


This provides generalization to Stirling numbers A^ ^ ^ 
given by Chak, 

yvi *1 , 

The explicit form for A . (a„;a 1 ,...a v> ) is 

q+1 o 1 n 

(1.2.28) (a 0 ,a 1 ,...,a ri ) = fr 2 { a n +i > (n ” 1 » a n-l ) 


n i=o 


■i 1 o 


(n-1, a . 1 ) 

where {a} “ = a(a+a 1 -l)(a+a 1 +a 2 -2), . . (a+a^ • . .+ a n _^-rH-l ) . 

Following W.A. Al-Salam £ 2 _j , H.B. Mittal £ 39 £ used 
the operator x(k+xD) to obtain generating relations for the 
generalized Laguerre polynomials, generalized Hermite poly- 
nomials, Bessel polynomials and Jacobi polynomials. He 
frequently used the relation for the above purposes which is 
given by the following relation, 


(1.2.29) 


l“ {x^ r } = (b+r+k) J+ 1 * 11 

K 33 . 


where n is a positive integer and T = x(k+xD). 

K 
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3 • GENERATING FUNCTIONS AND THEIR GENERALIZATIO NS 

If a function G(x,t) has a power series expansion 
(not necessarily convergent) in powers of t in form, 

CO 

(1.3.1) G(x,t) = 2 A g (x)t n , 

n=G n n 

where A ; n=0,l,2,... be a specified sequence independent of 
x and t, then we say that G(x,t) is the generating function 
of g (x). The term ” Generating Function” was introduced by 
P.S. Laplace in 1812. Generating functions also have great 
importance in the study of polynomial sets. They are powerful 
tools in the investigations of the systems of polynomials sets. 
Generating functions may also be used to determine differential, 
difference or pure recurrence relations and to evaluate certain 
integrals etc. 

Some of the common classes of generating functions are 
given below; 

oo 

(i) G(2xt-t 2 ) = 2 g T1 (x)t n , 

n=0 n 

where G(x) has a power series; 

oo 

(ii) e t ^(xt) = 2 a (x)t n , 

n=0 n 

where ^(x) has a power series; 

, oo 

(iii) A(t) exp (rj^Tg) = 2^ I n (x)t n ; 





(iv) (l-t)“ c »{ r± xt „ } = z f (x)t n ; 

(1-tr n=Q n 

03 

where (x) = 2 Yu 11 f y A o. 

n=0 n 0 

Baos and Back’s generating function is given by the relation 

CO 

(v) A(t) ${x H( t )} = 2 p (x)t n , 

n=Q n 

where A(t),\|i(t) and H(t) can be expressed by a power series.. 

The major task before the researchers has been to determine 
the generating functions for the known polynomials. This led 
them to generalize the generating functions and hence to obtain 
the generalizations of corresponding set of p olynomials . 

lousrille [[ 36 [] in 1722 obtained a set of polynomials 
f n (p,q) generated by (p 2 -2qx-x 2 )” 1//2 as, 

(1.3.2) (p 2 -2qx~x 2 r 1//2 = S f(p,q)x n . 

n=0 n 

Legendre [[ 37 3 in 1784 obtained the related polynomial 
P n (x), generated by (l-^xt+t 2 )"" 1 / 2 as, 

CO 

(1.3.3) (l^xt+t 2 )- 1 / 2 = 2 P (x)t n . 

n=0 11 

All these polynomials fall into class (i) discussed earlier. 
Other polynomials viz Bermite polynomials also fall into the 
same class as, 

°o H (x ) 

(1.3.4) exp (2xt~t 2 ) = 2 — - t n , 

n=0 n * 

Tchebychef [[ 57 [] in 1859 obtained a set of polynomials 
U (ac), given by the relation, 

°° 

(1.3.5) (l-2xt+t 2 )~ 1 = 2 IT (x)t n . 

n=0 n 

Poliowing these, Gagenbauer [[28 [] defined the polynomials 



23 


(1.3.6) (l-2xt+t 2 )“ v = 2 0 V (x )t n » 

n=0 n 

Pincherle £ 23 J in 1890 defined g (x) by 

(1.3.V) (l-3xt+t 3 r 1 / 2 = 2 g fx)t n . 

n=0 n 


Poliowing him, Humbert L 29 3 in 1921 used the generating 

3 *-v 

function (l-3xtft )~ . He also defined the polynomials 


Ax) as, 


(1.3.8) (l-mxtft m r v 


00 / \ 

£ "^m W*” • 

n=0 n,m 


Then Kinney 3 32 J in 1963 studied a set of polynomials 
P n (m,x) as, 

(1.3.9) ( l~mxt+t m )“* 1//m = 2 P (m,x)t Al . 

n=0 n 

Following these generalizations, H.W. Gould Q 26 3 
in 1965 defined P n (m,x,y,p ,c) as, 

CO 

(1.3.10) (c-mxt+yt m )l > = 2 t n P (m,x,y,p,c) 

n=0 n 

for m > 1. 

Divisme £24,2 S] in 1932-33 gave outstanding generali- 
zations as, 

CO 

(1.3.11) (l-3hx+3h 2 y-h 3 )~ v = 2 h n H^(x,y) 

n=0 n 


and 

(1.3.12) 


ax~a 2 y+ ™ ~ n , s 

e = £ a u (x,y) . 

n=0 n 
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Ihus lie siiowed that, 


(1.3.13) U (x,y) = it iq s / 3 l-Z- , 2- 3 

s-*« :»5/s 2 fs 


(1.3.14) U (x 2 ,y) « (-l) n e y3 / 3 r? (e” y3 / 3 ). 


Brown [[6]] in 1968 proved for the Laguerre polynomials 
following generating relations, 


(1.3.15) Z l^ +mn >( X )t n = 


~2CV* 

e * 


where v = t(l+v) m+ f m being an Integer^ and 


(1.3.16) ZK Ml+mM M^ 


ll 

x 


— xBl 

~ t ) -n 

Bl 

pt 


t-T -B^ 

r-j 


where 


(1.3.17) r L^ +,m) U)t B = A(t)e xB ^) . 


Lahiri [34,35,30 1969-71 gave a generating function as 

„ TT / \ . n 


v VY+ t m 00 H m v (x)t 
(1.3.18) e v xt-t = Z 


m being a positive integer, Brag also in 1968 considered the 
same generating function. 

R.C. Singh C hand el £ 2l[] in 1969 obtained a set of 
polynomials defined by the relation. 
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(1.3,19) (1-t) a exp {-(•T“E) r xt } = I f ^(x,r 

1 “ T n=0 n 


n 


H.M, Srivastava-J.P. Singnal £ 52 3 in 1971 obtained the 
generating function, 



n=0 JJ n \ 

3 ”i ( V* 


; (x,r,p)t 


r 00 , r ,n 

= *Px v .(-px 2 

nl x+1 v 


Z 

n=Q 


_ (a x ),(a+nr)/k 5 

F « C n, , kt 3- 

(bu); 


H.M, Srivastava j~ 56 ]] in 1976 gave an interesting 
generalization as, 


°° , n 

(1.3.21) G(pxt-t p ) = Z Y p ( x ) X 

n=0 n n * 

where p is an arbitrary positive integer. 
BRIEF SURVEY 


Chapter II is devoted to the study of Generalized 
Hermite polynomials due to P.N. Shrivastava. In this 
chapter we have derived various recurrence relations, 
operator and its properties, hyper geometric series, and some 
other relations. 

Chapter III is devoted to the study of generalized 
Humbert polynomials due to P.H. Shrivastava. In this 
chapter hypergeometric expression, recurrence relations and 
other relations and operator are derived. 
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In Chapter IY we have further studied a generalized 
polynomial system due to H.M, Srivastava and J.P. Singh al . 

Here we have obtained explicit expression, operational 
formulae, operator and recurrence relations. 

A generalized class of functions has been defined in 
Chapter Y. Ror this generalised class of polynomials 
operational formulae and generating functions are obtained. 

Chapter YI deals with function defined by a formula 
analogous to Rodrigue’s formula. A comprehensive study has 
been made. In this chapter we have derived operational 
formulae, operator and linear generating relations. 

Chapter YII deals with the unification for classical 
polynomials-I, in which we have defined generalized Rodrigues 
formula for classical polynomials. We have obtained expansion, 
generating relations, operator, operational formulae and 
bilateral generating functions. 

In Chapter VIII we made another unified presentation of 
classical polynomials and defined a generalized Rodrigues 
type formula for classical polynomials. In this chapter 
e mansion generating functions, operational formulae , recurrence 
relations, and bilateral generating functions are obtained. 

Chapter IX deals with the third hind of unified presen- 
tation of classical polynomials. We have defined a extended 
Rodrigues formula. Here we have studied various properties 



27 


for this formula. We have obtained differential recurrence 
relations and results on summation. 

In Chapter X we have studied generalized Bernoulli numbers 
and polynomial due to P.I, Shrivastava. We have first 
derived various properties of Bernoulli polynomials and then 
obtained interesting results for Bernoulli numbers. 

Chapter XI deals with the generalized Eulerian numbers 
and polynomials. In this chapter we have made comprehensive 
study of Eulerian numbers and polynomials. 

Chapter XII is devoted to the study of generalized 
Stirling numbers and associated functions. We have defined 
a new formula for Stirling numbers. This new formula genera- 
lizes many known polynomials viz. Hermite, Laguerre, Bessel, 
generalized Hermite of Gould- Hopper , Srivastava-Singh, 
Chatterjea, generalized Stirling numbers of Singh, Chak and 
new functions of P.N, Shrivastava. We have derived operator, 
properties, certain operational formulae and other relations. 
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CHAPTER -II 


GENERALIZED MIg EIJIIC'IION . 


2 . 1 I K IRQ X)~U G I IOR 

The present chapter is devoted on the generalized Hermite 
polynomials due to Shrivastava j~ 6 3 • One of the customary 
ways to define Hermite polynomials is by the relation 

2 2 

(2.1.1) H n (x) = (~l) n e x D n e~ x , where D = . 

A second way of defining the Hermite polynomials which is not 
very common way (Gould- Hopper £2[]) is, 

— n 

(2.1.2) e D x = H n (x/2). 


This operator appears extensively in the literature of Laplace 
transform. An interesting use is made by Straneo. 


Gould-Hopper [_ 2 ]] generalized (2.1.2) and gave an explicit 

v» 

form for the generalize! polynomials g^(x,h) by the 
following relations respectively, 

(2.1.3) g£(x,h) = e h3} x n 


and 



& /r H ni ,k 

jjw 0 JdTn^rFJT n 


n-rk 

x 


(2.1.4) 
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Shrivastava co gave a further generalization of 
( 2 • 1 • 4 ) as , 


.(m), 


(2.1.5) Z_ g^ *'(x, £,h) = e 


t n tx+hxH 111 


n=0 

where explicit form is 


( 2 . 1 . 6 ) 


g( m )( x £ h) - , Kl r 

s n HTn-mFJ 


,1 n+kJi-mk 
I* n x 


(2.1.5) may he assumed as further generalization of generalized 
Hermite polynomials mjV (x) studied hy Lahiri [3,4,5] . 

Hn m v (x) is defined hy the relation 


(2.1.7) 


= 11=0 n! ’ 


where m is a positive integer. 

We shall study here other details of (2.1.5). 


2.2 RE0UHRE10E HELATIONS 

Starting from equation (2.1.5) we have on differentiating 
it w.r. t. * t* 

T „.(m)/ „ t 31 ” 1 

2 '(x,£,h) Y' h -'l j i" = e (x+mhx t ), 


n=l 


How letting n = n+1, we obtain 


( 2 . 2 . 1 ) 


I. t£l (x,j,h) = e' tx+hx '' t “(»mhxH In - 1 ) , 

n— 0 


on multiply this equation hy t on both sides, we have 
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°° -J3+1 4- ,1, S '+ m 

(2.2.2) 2 e£l C„i,h)i— t 

11=0 


(xtfmhx £ t m ) . 


Next differentiating (2.1.5) w.r.t, x, we have 


(2.2.3) 


n= 0 J - i ■ u • 


On multiplying this equation hy x, we obtain 

(2.2.4) 2 xDg^ m \x,Jl,h) X = e tx+hx£tm (xt+h£xH m ). 

_ r\ n ^ I 


n=0 


Further (2.2.1) can be rewritten as, 

2 g n+l^ x ^» il ‘ ) |r = x 2 g^Cxjijh) 
n=0 • n=0 

00 , v. .nt-m-l 

+ mhx & 2 g^(x,n,h) -^T > 

n=0 • 

on equating coefficients of t n , we have second recurrence 
relation as, 

(2.2.5) g^^(x,a,h) = xg^ \x,£,h) + ^ ii_xnrh 1 Ji" g n- m+.l^ x » * 


Similarly (2,2.3) can also be rewritten as, 

2 Dg^ m ( x , £ , h ) = 2 gW(x,A,h) 

n=0 n n=0 ■ * 


n I 00 / \ ^rn-m 

+ h£x l g^ (x,£,li) • 

n=0 n n * 


, n 


Now, equating coefficients of t on both sides, we have 
another recurrence relation as, 
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(2.2.6) Dg^ m \x,£,h) = ng^(x,A,h) + h&x^ 1 ^ijrgn-m^ x » £ » h ^ * 

This generalizes Gold-Hopper [2, Eq. 6 .4] . 

If we put m=r and £ = 0 in (2.2.6), we have 

(2.2.7) Dg^ r \x,h) = ng^f j(x,h), 

s times repetition of the operator D on (2.2,6) yields 

0 / m \ [n/mj n! h k (n+kfi,-mk-s+l) o .. . 

(2.2.s) = 4 J — rr-m^v. • 


k=0 


Again by making use of equations (2.2.4) and (2.2.2) we have, 


00 / \ + H 00 / \ , £L+i. 

2 xD U,il»h) 2 g(™l(x,i,h) £- 

n=0 n ns n=0 n+1 n * 

= -(m-£)hx* 2 g^ m) (x,£,h) 


n=0 


^n+m 

n't’"’ 


which yields, 

2 xD g^(x,£,h) ~r = 2 g£“](x,i,h) -jj— - 

n=0 n ns n=0 n+1 n ' 

- (m-^hx 2, 2 g^ m \x,a,h) ~rj— 

n=0 n n * 

Equating coefficients of t n , on both sides, we have 
(2.2.9) (xD-n) g^ m \x, A,h) =-mt (^)(m-a)hx Jl g^^(x,s.,h), 
on dividing equation (2.2.9) by-(m-«,)hx 1 we have, 

-I™ &- tf W t g { 4»)(..i.h) - gW( Ifl>h) . 
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E ow put A 


ITlm/h 


[x“ li+ ^D-nx’” 5 ^ we have , 


w e nave . 


(2.2.10) A g^ m) (x,£,h) = T ^ Tr , 

Operating A once more on (2.2.10) we get 

4 g gi m W,H) = * &>*>*):] 

" ( n-m J ! a 4-m^ x ’ ^ ^ ) 

n! (n-m)! (m) , . , 

(n-m)! Tn-2S")T ^n-2m^ x> * ^ 

_ g (m) (yr . h) 

~ Xn-2m)! s n-2nO x,x - ,nj * 

Thus operating A ,r times g^ m ^(x, a ,h) , we have, 

(2.2.11) A r g^ m) (x,£,h) = 4-m (x ’*» h) * 

2.3 HYPBRGEOMBTRIQ SERIES FOR g^ m \x,£,h) 

We start with the explicit form of g^ m \x, £,h) i ,e 


k! '( n-mk ) ! 


/ \ fn/ml „ )V ,k n+kii-mk 

(2.3.1) 4 m) (x,*,h) = V J 

n k=0 


?/€ n!hV i! - m)}c x n l_n) 


k=0 


k! 


mk 

(mF 


- -i \mk , 
(since (n-mk)! = -p--4 — — ) 


(-1) n! 

*L 
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n &/ , 2K- n > I nk ,hx ll - m ,k 


rr. / ri / — H. \ / — H-+* 1 \ / — I >HH— 1 \ 

n ( m^k ^ “m 'k* * * ^ m ^ 

= s ^ — H— 

.<2S5^)*> 


(- 1 ) 


m‘ 


n _ 
x fEV 
m o 


-n -a4 
m ? m 


-m-m-l 


> • « 


* * m » m“bx 


m, a-m 


(- 1 ) 


m 


Thus we have a hyper geometric expression for g^^Cx, «,,h) as, 

"In -n+-l -n+m-l 


(2.3.2) gW(x,£,h) = x“ m F 0 


n 


m* m *" ’ m a-m 


hx (-m) 


4 • SOME OTHER RELATIONS 

letting h=fa+k in the generating function given ly 
equation (2.1.5), we have 

(2.4.1) r. 4 B )(* 1 t,tal t ) £ = e x-tKh + k) x V 


n=0 


i , , a.m 

kxt xt+hxt 
= e e 


= 2 


7 **x l h"* - -(m) . ,_ \ f 


n 


i=0 ^ 


2 gV ; ( x *^ » h ) 

n=0 


n n! 


00 °° k 3 Y *3+ m 3 Cm )/ , f 

S S £-■&— — 4 m; (x,a,h) 
n=0 3=0 n 


n 



503 

£ 

3=° 

kV 3 


IRn-mj ) ! 

503 

nlx^k** 

Am) 

£ 

3=0 

3 l (n-mj )‘i 



n 


tf 

nl 


'Thus we have a relation, 

.w 


(2.4.2) g^(x,£,h + k) = YjW)? ”STS=5J7T 


Further , 


» v,, v\ 't n _ „-xt ^xt+kx^t 111 _xt+hx x, t : 


L ; (x,£,h+k) 


n=0 


nT 


e e 


£.ja ,_j.. i—ljjn 

e J 


X CO 


= e“ xt £ g< m) (x,£,k) * 2 g (m) (x,£,h) 

1=0 1 xl j=0 3 D 


t 3 


= e 


i=o Jo e 3“ )( - X ’ t,ll)s i-5 (x ’ i,k) 


£ £ L=zfi£.£. ( £ (i) g( m >(x,ii,k) g( m \x,l,h) 

1=0 p=0 *" 


ii ' j=0 'r ^-d 


2 2 f pl ' jirxr 2 (*) g^](x,£,k) g< m \x,£,h). 

=n i_n 3 1 ”0 3 


p=0 1=0 w~*-'* + * j=0 3 

Thus we obtain another relation as, 

g^(x, £,h+k) 


(2.4.3) 
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Next consider 


2 g^ m \x,il,h+k) i 

n=0 n 11 * 


n 


x. 


|t+ (k2 )t )(|)~t ili |t+(h2 )( ')(f ) u t 


+ m 

2 ' 




n=0 

= S S 4“r ( l’ !l > sllfc) 4" )(a ' l » 2lh)( r ) V • 
n _0 r= o ■ n "" r 2 r ?. r m 


n! r=0 ° r Z 


r 

r 

rT 


Thus we have, 

(2.4.4) g^ m \x, i,h+k) 
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CHAP PER - III 


A PQLIHOMIiL SYSTEM ASSOCIATED WITH HUMBERT POLYHOMIALS 

3 • 1 IRIRO-DROIION 

Gould Q l3 gave a generalization of several known 
polynomials including those of Legendre, Gegenbauer, Humbert, 
Pchebycheff , Pincherle and many others. He defined, what he 
termed as generalized Humbert polynomials P n (m,x,y,p,C ) by means 
of the generating function, 

CO 

(3.1.1) (C-mxtH-yt m )^ = z t n P (ra,x,y,p,C ) 

n=0 n . 

where m 2 1 is an integer and other parameters are unrestricted 
in general. 

Legendre polynomials are defined as [I 2 3 » 

(3.1.2) (l-^xt+t 2 ) -1 / 2 = Z t n P ( x ) , 

n=0 

g iving , 

(3.1.3) P n (x) = 

5 2 1/2 

We also know that (l-2xt+x t ) ' generates polynomials 

which are closely associated with P (x), since. 


<3>n 


nl 


2 F 1 


n -n+l 
£ » 


n. 


1 . 
£ ? 


1 

T 

x 
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,2 y-l/2 ” ^4 t gx)n 


(3.1.4) (l~2xt+x t )" 


2 
n=0 


n! 


2 F 1 


i~ n -n+ 1 -i 

- sr » t~ 

X 

- ^ + n| 


t n 

• T » 


which is further generalized by Shrivastava £3^ by the relation, 
(3.1.5) (l-ax't+bx i t m )~ V = 2 t n \m,x,a,b, v ) 


n=0 


where a,b,m, v and z are parameters. 

Again, , 

\m,x,a,b,v) Qi/mj £ n-l-(m-l)]sQ l 

Lt SS ^ mm, 

v - o v te=0 k!(n-mk)! 


. a 11 " 1 "* (_b) k x n+k ( ll - m ) 


which leads to define 


(3.1.6) R^\x,m,q) = ~ '2 

n m k=0 


n/mj £ (n-1 )-(awl)k3 ! 
kl ( n-mk) ! 




due to Srivastava CO- 
He also obtained 

( 3 . 1.7 ) Lt = a n O . R^)(| ,a,(ba-”) 2 /"- 2 ), 

v = 0 

R^°^(x,m,q) = R T 1 (x,m,q), 


and 
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(3.1.8) Z t n ^(x,m,q.) 
n=0 


i - xt 

m 


m-2 

1-2 xt + q" 5 " x ^ m “ 2 ^ t m 


v^hich generalizes polynomials studied by Zeitline j~43 • 
R n (x,m,q_) is defined as, 


(3.1.9) R„(x,m,q) = | (-1) 

m te=0 


[n/mj k £ (n-l)-(m-l)k[] l 


n v 


(n-mk)l 

(m-2 )k 

(2 =O n - ta . 


Here we propose to study their other properties. 
3.2. HYP ERGEOME TRIG EXPRESSION EOR n£ 4 \x,m,q) 

Starting from the equation (3.1.6), we have, 


“i W ’ q) = 5<5=k)i 4 -C X) 




kl (-Ipn! 


n E^l (-l) (m - 1)k (n-D! (-n) mk 
m r^mTTZ TT, * / %mk 


k=0 


{1 


m-2 

“5“ 


(m-l)k (_i) mj£ .nl 
(2 X )*- m } k 


(2x) n . 


TT 


( 2x )' 
m 


n IlylJ 

Z 

k=0 


/ E) (=BXl) 

v m'k v m ' 


-n+m— 1 


m 'k 


m ^k 


r -n+ 1 v, , -n+2 / —«+• x-t-iu- x~ x 

^5^5” ; k '•mTI~' y k* * * '■ mil ’~ J : 


nt-l+m-1-1 


m-2 

H 



which gives us a hypergeometric expression as, 


( 3 . 2 . 1 ) 


R^ A \x,m,q.) = 


i§Si 

m 


s n 


n -n+ 1 


m 


m 


, ... 5 


-n+m- 1 
m 


-n+l ~n+2 
m-1 ’ *"m-l 5 


~r+m~l 
5 m-'l ’ 


; m-2 


3 . 3 RECURRENCE A ilD OTHER BEL AXIOMS 

Differentiating (3.1.8) w.r.t. ’ t' , we get 

m-2 

Snt^Til^^x,]!!, q.) * * m ^ {l-2xt+q x > 

Ai. 


n=l 


m-2 


- {1- x t> {^x+mq*"^ x^ m - 2 ^ t 01 " 1 


m-2 


{ 1— 2xt+q x^ m “ 2) t m > 2 

which on multiplying by t on both sides ani. then rearrangement 
yields, 


(3.3.1) 2 hW (x,m,q) (n+l) t 

n=0 +± 

m-2 


n+l 


m-2 

Slizsi + a 2 £ (m-2 )+l ^m+l 

m m t- 


m-2 


£ l-2xt + q"^~ x*^ t m 3 2 
Then differentiating (3.1.8) w.r.t. 'x' we get, 


m-2 


(- %si t) t m ). (1- si|=al xt} . 


m-2 


. {-2t+£(m-2)q x £(m-2)-l } 


m-2 


l l-2xt + q 2 x £(m “ 2) t m 3 2 

low multiplying both sides by x, we obtain 

(3.3.2) 2 xD rJ* j (x,m,q) t n = 


n=0 


m-2 


•actfUm-sk" 7 " - SiiSzSiliiai 


m-2 


+ t + x £(m-2)+l t m+l 

—S ; — S 

C l-2xt + q~^~ x £(m - 2) t m 3 2 
Substr acting (3.3.1) from (3.3.2), we have, 


2 xD 2 R^ + l (x,m,q) (n+l)t : 

n=0 n=0 


n+1 


m-2 

-q." 5- Cl-hi=Si x t3 

= • 

n 1-2x1* 4 2 x it(“- 2 ) t m 3 2 

m-2 

(3.3.3) k | * • — !-■ £ R^ £) (x,m,q) t* 1 

a n=0 1 


[>2xt + q 2 X^ m “ 2) t m 3 


which with the help of (3.1.5) gives, 

m—2 m-2 

=-(*m-2 T t k p(‘(^)) (m(I , 8fq T j 

te=0 
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Tx***^. z . z. 


-(£m-2£-m) q 


n=0 te=0 


&(m-2 ) 


(m,x,2,q 2 ,1) . R [ n _l (x,m,q) 


Hence we ootain, 


(3.3.4) 2 xD R^(x,m,a)t n - S R^(x,m,q)(rH-l)t n+1 

n=0 n n=0 n+1 

m-2 ^ n m-2 

= -(£nw2a~m)q"^ 2 I P^ 110 " 2 \m,x, 2, q~, l) . 

n=0 3s=0 lc 

(3.3.3) also yields the recurrence relation, 

m-2 

( X • (£ia- 2 £-m)q^*"x il ^ m ” 2 ^t m / . \ 

(3.3.5) xDR^ ; (x,m,q) = {n+ — — ^ r - } .R^ ; (x,m, q) 

l- 2 xt + q'“ r 'x^ m - 2) t m 
When n = m, we have from (3.3.3) 


1 t m xDR^\x,m,q)- 2 R^ } (x,m,q) (m+ 1 ) t m+1 

i =0 m m =0 m+x 

m -2 m -2 

cf 5 "* t(m-2 ) t m (|1 M. t “ +1 

£ l- 2 xt + q 2 x S-( m - 2 ) t m 3 2 


(3.3.6) 


'2 x £(m-2) t m Um-2 ^ m) ^ _ 2(J^m 
— m-2 * ' " ’ 

Cl - act + 1 2 x ‘< m - z) t m 3 8 


and when n = m+1, we have, 
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OO * CO \ 

(3,3.7 ) 2 t m+1 xD iS 9 : '(x,m,q) - 2 ,m, q)(m+2 )t m+2 

m+l=0 111+1 m+l=0 m+<i 

m-2 

- q”^~ x £ ^ m “ 2 ^t m ( ) C 1 - xt ] 

ZZ! ^atxa^aawaoi ^^ 1 oy-^waa»cw ttaawww ’-wim. n»iwwi*'"mwrn.3«.i' ■■ K.vaig M* « mm— ■ 

ra-2 

Cl -2xt + q~ 2 x^ m - 2 ) t m C 2 

When m = 0, we get from (3.3.4) 

2 xD R^ £; (x,0,q)t n - Z b4*/(x, 0, q)(rn- 1) t n+1 
n=0 n n=0 Yl+1 

= 2£q~ 1 x“ 2£ Z 2 p(~2 a) (o,x,2,q~ 1 ,l) . 

n=0 15=0* 

* R n-k (x,0,q)t n , 


which gives us on equating coefficients of t 


xD R^ £) (x,0,q) - n R^ £) (x,0,q) 


= 2*<f 1 x“ 2£ 2 P^“ 2!l) (0,x,2,q“ 1 ,l)R^^(x,0, a ). 

k=0 

Thus we get, 

Hi 

(3.3.8) (xD-n)R^ £ \x,0,q)= 2l q" 1 X~ 2£ Z p[~ 2 l \ 0,x,2 , q” 1 ,! ) . 

n . te=0 . 

. R n~k( x > 0 » 4 ) • 

Letting m = -n in (3.3.4), we get, 

-n-2 

(3.3.9) xL R^(x,-n,q) =-(-n£-2&+n) q x U-fl-2) . 

co n- -n-2 

. Z Z p£(-n~2)(__ n ,x,2,q 2 , 1 )R^(x,-n, q) . 

n=0 k=0 k n * 
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4 . SHE OPERATOR A . 


Starting from the equation, 

2 xD R^\x,ra,q)t n - 2 R ^(x,m,q) (n+Dt 1 * 1 


n=0 


n=0 


hi+l v 


2=2 f <*, n 2 =£ 

=-(£ m-2&-m ) q 2 x U m “2) £ £ , P U^ 2 '(m,x,2, q 2 ,1) . 


n=0 k=0 


. R^(x,m,q)t n+m . 


m+n 


By collecting coefficients of t* on both sides, we have, 

m-2 

xD ~ ( m+n ) R -l+2( x > m >l) s -(S' m -2^-m)q'^~ x^ . 


n+m' 


m-2 


k=0 


On rearrangement we getj 


. 2 P^ (Eu2)) (m,x,2,q 5 ~, l). R ^(x,m, q) 


m *"»2 


(xD-m-n) R ^(x,m,q) =-(jtm-2&-m) q 2 . x £ ( m “ 2 ) £ ^ p U(m-2 )) 


k=0 


m-2 


or - 


m-2 

n 


• (m,x, 2, q , 1 ) R^_^(x,m,q)« 


(xD-m-n) R^(x,m,q) 


m-2 


= p4(®- 2 )( m>3C ,2, q ' T ‘ > l) . R^(x,m,q). 


k=0 k 
Now letting & 


h 


xD-m-n 

“S3T 


-(jim-2JU-ni) q~^ x £ ( m - 2 ) 
we got, the' following relation. 
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m-2 


(3.4.1) A n (x,m,q) = 2^ P^ m_2 \m,x,2,q 2 ,1) *Ri^(x,ni,q) 


te=0 


k 


n-k v 


Which when m=0, u reduces to (3.3.8) 


3 • 5 A PUR'MBR GBHERiLIZAIIOI 

Here we define P^ 2 ' ,s \m 5 x,a,'b,v,G) by the relation 


oo . 

(3.5.1) (G-ax s t + bx £ t m )'" v = 2 pJ- £ 9 s qm,x,a,b , v,G )t n . 

n=0 n 

(3.5.1) reduces to equations (3.1.1) and (3.1.4) in particular 
cases. 

Consider , 

(Q-ax s t+bxH m )“ v = C” v (l-^ x s t + ^ x £ t m )‘" v 


C“ v 2 


'& 

CO -v(-v-l). . .(-v-k+l) 

H (- V ^ + 8 *"*“) 


a „So. , b „^m^k 


k=0 


v 00 ( v > 

G 2 


k=0 


C“ v 2 
k=0 


IF 


k /ax s t\k 


(^r .ii-jx 


b £-s 4 -rwl N k 


) J 


( V ^k / ax s t \k k ^“ k ^r /b ,£-s\r .mr-r 


k! v C 


(^HO 


r=0 


r! 


(~ yr~ b r. r 

cl 


r -v „ o / \. a k x k ^ k ^r /b „£-s ^r ,k+mr-r 

C 2 2 (vh -tt" “TT — ( a x ) 15 

te=0 r=0 G a 

oo j-r (m-1) (V). , a 3-r(m-l) (j-r(m-l))s 

0 - v s e 1 2-.zLe.-11 

j=0 r=0 (j-r(m-l)l c 3 -r(m-l) 

(-3+ r ( m ‘- :l ) ) r t __£- s \T *3 

* H “ ( a x ; * t 
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0 -v” 3-r(m-l) (v) (~ 

3=0 r=0 I^ rrd+r 737I_i > 


r(m-l) 


. ( j-r(in-l))s a^*’ 1 ) (-^(m-l)^ 

x c 3 -r(m-l} ~ r! ~ 


(!) r 

az~ns 

-A. 

a 


oo 

( v ) .a^x 

' y 


Li 

D=0 

DlC^ 


.1 1 0 3 r=0 (v -r(m-l) ; 


r(m-l) 


x *r-smr b r c r(m-l) (-j+(m-l)) r 
~ 1 ^r(m-l7 a mr “ rT 


0" v E 


00 ( v ) 

l — J _ 

3=0 jtC 3 


j-r(m-l) (-j) 

r=0 ( 1-v ^ r ( m -l) r! 


, m-1 Jt-sm 

(i£ — a ) 

V rn / 


0" V 2 




3=0 j! O' 


- F i 
m m-l 


=1, zitl... .,-=j±Szi - 

m* m 1 1 m ’ 

-v-.i+l -v-j+m-l . 

m-l 




m au x 

(m-ir- 1- ? 


Thus we obtain, when m > 1. 
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n - v, >. n gn 

(o c.) C (v) a x 

(3.5.2) P^ 2, ’ & ^(m,x,a,b, v ? G ) = - 


n!C 


s n 


-n 


-n+ 1 

m 


$ • 9 a f 


:StSr -L q 


5^ 

in m-1 




~v-n+ l 

ilL— 1 


)• • M 


-v-n+m-1 
m-1 » 


Here we distinguish between two classes , viz. £ > m and £ < m 
If X be a positive integer, we define for £= seh-X 


(3.5.3) p(*’ s \m,x,a,b,v,C) = 4 X,s) (E,x,a,b,v,C ) 

= 4 x,s) w> 

and for £ = sm- X 

(3.5.4) pO-’ s) (m,x,a,b,M,C) = ,s ^ra.x.a.b , v,0 ) 

= 4 x,s) c*>, 

Prom (3.5.3) and (3.5.4) we obtain the relation 

(3.5.5) x 2sn ^ ,s \m, a,b,v,G) = <j>^ X,s ^(m,x, a,b,v ,0 ) 
Further, 

(3.5.6) let H = H(x,t) = (C-ax s t + b x *t m )”* v 


Differentiating w.r.t, to' both sides we have 


(3.5.7) D-H = -v(C-ax S i>fbx £ t n )“ V “ 1 
Dow on differentiating (3.5.6) w.r.t. t 

(3.5.8) D^fi = - v(0-ax S t+bx x 't ta )“ v “^ 


/ s-l, i,mv 

(-asx t+o tx t ). 

, we obtain 

(-ax^bmx 8, tP” 1 ) 


Comparison of (3.5.7) and (3.5.8) yields the relation, 

(3.5.9) (-ax S +bmt m “^x fi ')D x i H = (-asx S "’^+b £x £ ~^t m )D.j.H. 
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CHAPTER - IV 


F URTHER STUDY OR A GBEERaLIZED POLYHOlllih SYSTE M 

4 - 1 IRTRQUUOTIOU 

To give an unified presentation of the classical 
orthogonal polynomials, vis. Jacobi, Laguerre and Hermite 
polynomials, Pujiwara 2 3 studied the polynomials defined 
by the generalized Rodrigue's formula 

*Q 

( 4 . 1 . 1 ) p n (x) = (x-a)“ a (b-x)~^ . 

. D n {(x-a) n+a (b-x) n+ ^} , 

where D = . 

Szego [^6 3 found that the above polynomials can be 
rewritten (cf. also £l3) as > 

(4.1.2) p n (x) = c n (a-b) n P^ a »P } (2{gf>+ l), 

where P^ a, ^(x) is the classical Jacobi polynomials 
orthogonal w.r.t. weight function ( l-x) a ( 1+x)^ , where 
a>|3 > - 1 , over the interval c-i,g. 

In view of the above polynomials Srivastava-Singhal 
|3 53 studied a class of polynomials {T^ a, ^(x,a,b,c,d,p,r)} 
defined by the relation, 
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(4.1.3) I^“’^(x,a,'b,c,d,p,r) 

= I aS>.)~®j g£HiXf ePX V { ( ax+b f* a 

(cx+a)"* 5 e-P^} . 

Following are its particular cases, 

(4.1.4) 2^ a, ^(x,a,-a,c,c,0,r) = T^ a J ^(x,a,-a, c,c,p ,0) 

= ( 2ca) n P^’^x). 

(4.1.5) 4 a ’^(x,a,0,0,d,l,l) = (ad) n l^ a) (x) 

(4.1.6) P^ a,p) (x, 0 } b,c, 0,1,1) = (bc) n L^ } (x) 

(4.1.7) ^ a »^(x,0,b,0,d,l,2) = (-bd) n E n (x) 

(4.1.8) ^ a,0) (x,a,0,c,0,2,-l) = (2ac) n Y^ a) (x) 

XI 

(4.1.9) ^ a ' n,i3) (x,a,0,0,a,p,r)=i=fpl h£(x,«,p), 

here Y^ a ^(x) denotes the generalized .Bessel polynomials 
of Krall and Prink co defined by, 

(4.1.10) Y^\x) = g P 0 [ln,n+a+l? — ? “ | X I3 

and H^(x,a,p) is the generalized Hermite polynomials defined 
as, 

(4.1.11) ff (x,cc,p) = (-Ipx^eP^VcA - ^! 
introduced earlier by Gould- Hopper CO- 
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In the present chapter author gives further certain 
properties of the polynomial system {0" a '(x,a,b,c,d,p ,r ) } 
viz. explicit form, operational formulae, the operator s) 
and consequences of operational formulae etc. 


4 .2 EXPhICI‘1 EOHM 

Expressing the various binomials and exponentials 
in terms of power series, we get, 


D n |_ (ax+b) n+a (cx+d) w ^ e” px ] 


CO CO oo 


= £ Z Z (“•«) ("fp . 

p=0 q=0 t=0 p ^ 

iz sll s hl D n xP+q+^-t , 

b^tt 

which yields to, 

(4.2.1) D n £ (ax+b) Ilfa (cx+a) w ^ e-e xr 3 

oo 

= b n+a d n+ ^ Z n! ( rtfa ) ) . 

p+q+rt=n p q - 


(-p )' fc a p c q - p+q+rt-n , p+q+nti 

bP d p ^ n J * 


Again from the definition (4.1.3) we have, 

r 

l^ a, ^(x,a,b,c,d,p,r) = (ax+b r a (cx+drM x . 


n 


S n Z (ax + b) n+ ‘Wd)” +|3 e- pX ^ 
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(ax+‘b)“ cc (cx+d)’*^e^ X 


,H n r 2 ( a t n ) 5 n+a (fi) S 

***“ ° ^ 

S=u 


oo X 

d iHp E ( p+n )( cx ) q e -px ■ 

q=0 

~y (ax+b)“ a (cx+d)“^ e px 

XI o 


. I 2 
s=0 a=0 


^a+n^p+n^ b n+a d n+p < 


s q. 


.D n C (f*) 8 ^)* e-P* 1 . 

i- (ax+b)” a (cx+d)“^ b n+a . 

XX « 

r 


OQ OO 


,a+nx /p+nN a S c % px 

•Xo X° s 4 » s a q 


.D^c x s+q - e' px 3 , 

which with the help of equation (4.1.9) yields the explicit 
expression for ^ ^ (x>a,b,c>d,p »r ) as 

(4.2.2) l^ a, ^(x,a,h,c,d,p,r) 

_ (ax+b)"" a (cx+d)”^ h IH ’ tx 


.d^ 2 i ( a : n ) o cf) s (|) q * 

S=0 q=0 


.X 04 ^ H^ r \x,s+q,p), 


where E^ r) (x,a,p) are generalised Bermite function of 


Gould- Hopper . 


4.3 


OP ERAfl ON AL FOHviULAE 


3y making use of Leibnitz rule, we have, 

= e px2? S (“) L n ~ s {(ax+b) n+a (cx+d) n+ ^e px >L S Y. 
s=0 s 

Phis with the help of definition (4.1.3), we get, 

(4.3.1) eP^C ( M rt)"“(o x+ a) w f l 6-« / YU 

CO . v 

= 2 ( n ) ( n -s)l . 

s=0 s (ax+b)“ cc ” s (cx+d)’"^“ s 
• T i!t s ’ p+s)(x ’ a ’ b ’ c ,d,p,r) D S Y , 


where Y is sufficiently differentiable function of x. 


Prom the formula 


(4.3.2) D n [e^ x ^ <2 = £ I** 1 (x) 3* Q 


we get, 
(4.3.3) 


d 


where <j>* (x) = <Kx), 


P*T>\ (ax+b^Cox+d^e-P^ Y] 


(ax+b) rtfa (cx+d) n+ P [ P + + ' cx+a^" 


r-1 


cx+d 


Thus, from equations (4.3.1) and (4,3.3) we get, 
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(4.5.4) 


CD + 


a(n+g) t 
ax+b + 


£lml 

cx+ct 


r px r ~ 1 il n .'y 


2 ( n ) —— 

s=0 ( ax+b ) n ~ s ( cx+d ) n ~ s 


rp(a+S,P+s) 

n-s 


( x , a, b , c,d ,p , r ) »D • Y , 


when Y = 1, (4.3,4) reduces to, 


(4.3.5) 


E> + 


a(n+g ) 
ax+b 


+ 


c ( n+3 ) 

ax+a 


rpx' 


r~l 



ni 


. T^ a »^ \x,a,b,c,d,p,r ), 


( ax+b ) n ( cx+d ) n n 

This operational formula giwes generalization to the similar 
operational formula for H^ r \x,g,p) i.e. when a = a-n, b = -c = 0 
it reduces to, 


(4.3.6) CD + | -rpx 1 - 1 ] 11 .! = SL- T< a “ n >P \x,a, O.O.a.p ,r) 

( adx ) 

= (~l) n H^(x,a,p ). 

Again consider, 

D n C ( ax+b f +a ( ox+d ) n+ £ e“ pxX .Yj 

= D n " 1 t (ax+b ) n+t ‘- 1 ((;x+d ) n+ P _1 • ta (n+a ) . 

• (cx+d )+c(n+p )( ax+b )+( ax+b )(cx+d ) D}. 

>{e - P x r .y}] 

= D n ~ 2 £ ( ax+b ) nfa “ s ( cx+d ) n+ ^ -2 {a(n-l) a. . 

• ( cx+d )+c ( n- 1+p )(ax+b )+(ax+b )(cx+d) } 

<(( a(n+a)( cx+d )+c ( n+p )( ax+b) + 

r 

( ax+b )( cx+d )D } . { e~ px Y} . 


On iteration which yields to, 
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(4.3.7 ) D n |“(ax+b) n+a (cx+a/'+P e~^ X .Y2 


R n “ 1 

= (ax+b) a (ex+d) p n ' {a( n-i+a) (cx+d) + c(n~i+fl ) • 

i=0 

r 

. (ax+b) + (ax+b) (cx+d ) D } . {e“ px .Y} . 

Next consider, 


D n £ (ax+b ) n+cc ( cx+d ) n+ ^ e“ px Y]] 

= 2 (“) D s {( ax+b ) n+a ( cx+d) n+ ^} D n ~ 3 {e”^ Y> 

s=0 M 

= 2 (*) ! (?) D S - k { (ax+b) n+a }- D k 

s=0 s k=0 * 

. {(cx+d)^} D n *" s { e“ px Y} 


= £(“)£ (?) D 3 ^" 1 {a(a+n)(ax+b) n+cc ~ 1 } . 

s=0 s li=0 K 

.D k ~ 1 {c(n+p ) (cx+d) 21 ^” 1 } D n ~ s {e' px Y > 

= I (^) 2 (?) D s-k-2 { a 2 ( n +a ) ( iH-a-1 ) ( ax+b )** a “ 2 } 

s=0 3 k=0 K 


D k ~ 2 {c 2 (n+p)(nfp-l)(cx+d) n+ P“ 2 }D n “ s {e'“ px Y> 


v, / n \ 3 , s \ a? c r(n+a+l)r(n+6+l) 

= i 0 ( + AV (nf S -k2T!r(»P')" • 


s=0 k=0 


(ax+b) r3+oc "’ s+k (cx+d) ri+ ^’’ k D n “ s {e“ px Y> 

^ ax+b)I3+0C 

£ ® /ii w a s *~ k c k 

S Z =0 3 J 0 ^s^'k' fn+s-k~2)I 


(aX+b )~ s+k (cx+d)” k 


.D n - s {e- px 


.Y > 
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iprH-a+1) r(n+p+i) (ox+d)W p . ? S .<“)<?) • 


r(nt-p-l) 


s=0 fc=0 


s-k k 


a" ~~c __ 

( n+ s-k- 2 ) 1 


;~ 5 'Y 7 (ax+bT^Ccx+d )“ k ^D-.rpx r “ 1 ] 


n-s 


. Y 


n 


n rum " wn-m\ 
^ k 


r(n+oc+l) r(n+p+l) r „ - 

— — e“ px (ax+b^tox+d)^ S l(. 

r(n+p-l) m=0 k=0 "* 

n-m-k k 
a c 

* (2 n-m-k- 2')! 


•m 


v-k 


(ax+b )~ rH ‘ m+ic t ( cx+d ) ^ [^D--rpx r ""^][] ra *^'» 


thus we get, 

(4.3.8) D n [;(a x+hf** (cx+d) n+ £ e“ px 2 


r 


e ~ px ( ax+b ) n+<x ( cx+d ) n+ P a n * n _ m . I , 


where 


and 


a. 


n B_m ” ^ \ n (Ea+br af " k (a!:+ar k .iI ri - r P xr “ 1 I] m . 
n * n m m=0 k=0 111,11 


\-n+m+k/ 


v-k 


r(n+cc+l) r(n+p+l) n! a n-m-k Q k 
,n r (rn-p-1) mtki (2n-m-k-2 JT 

fhus from equations (4.3.1) and (4.3.8) we obtain, 

(4,3-9) = JcP ‘ 

. l^g S, ^ + S \x,a,b,c,d,p,r ). 

When Y = 1, we get, 

(4.3.10) ^n,n-m* 1 = nl C ( ax+b )( cx+d ) ^ ~ n . 

. \x,a,b,c,d,p,r). 
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Product operational formulas for any number X. 

Consider, 

D n Q(ax+b) I]+a (c x +d) n+ ^ e^.Y]] 

= D* 1 "" 1 Qa(n+a)(ax+b) n+a “ 1 (cx+d) n+ ^ e“ px .1 
+ c(nt-p )(ax+b ) n+a (cx+d ) n+ ^“ 1 e“ px .Y 
+ (ax+b )^ a (cx+d ) n+ ^ (-prx r “ 1 ) e“ px .Y 
+ (ax+b) n+a (cx+d) n+ P e^-DY] 

= D n_1 CCax+b^Cox+d)"? e -P x %g£g>Q. 

- - p^ 1 - 1 - n 

= D 11-1 ^ (ax+b) n+a (cx+<l) I1, '£ x- 1 .-*** { i ^s) , * X . 

+ ' ^ r ‘ 1+X 

= D^Ctax+b)"* (cxi-d)"? x‘ 2X e-S** 

+ - XX X " W 1+X + x X B) 

c tm-gjxf rx r+*-l + X » D j . j 2 , 

which on iteration yields to, 

(4.3.11) D n £ ( ax+b ) n+cc (cx+d) n+ £ e“ px .iQ 

= ( ax+b ) 1H * a (ox + d)“-P x‘ nx e-P^. n { Stg%>£ 

•J-.*" - X 

+ - (n~i ) xx x “ 1 -prx X+r “ 1 +x x D > , Y, 


62 


Putting x = 1, we get the formula given by Sr ivastava-Singhal 
£5, eq. 87 3, 

(4.3.12) (ax+b ) -a (cx+d )"^e px D n j3 (ax+b ) n+a (cx+d ) n+ ^ ,e~^ x .Y 3 


{ ( ax+b ) ( cx+d ) } n 
x 


n 


( n+q. ) ax 


n L, 6 + ax . + i 3 

J J- 


+ - prx r -j+l3.I, where 6 = x £j 

4.4 THE OPERATOR s) AMD T^. a »^(x, a,b , c ,d ,p ,r ) 


Differentiating (4.1,3) by Leibnitz theorem, we obtain, 

D s j4“>P\x,a,b,c,d,p t r) = I (S)^ ( (ax+br^cx+d l! . 
n -t-Q T u ‘ 

e px r } _ {(ax+b )»a (ox+d)1 «-p e -px r , , 

which on rearrangement and with the help of definition (4.1.3) 


gives, 

(4.4.1) 


D s (x,a,b,o,d,p,r) = s (|) ; ■ 


t=0 (ax+lo ) s (cx+d 




When s = 1, we get 
D 4 a »^(x,a,b,c,d,p,r) 


( ax+b )( cx+dj 


^" a -l , ”^“l)(x,a,b,c,d,-p,r) . 


. T^ a »^(x,a,b,c,d,p,r )‘ + 
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( ax+b 7 lox+dj * '4 * P \ x J a >^} c »^>-P» r ) 

= ( ax+b ) a ( cx+d e”^ . D j~ (ax+b )"“ a .(cx+d )“^ • 


tT U,p )( Xj a,TD,c ,d,p,r) + x4+b)(cx+d) * 

. T^“ 1 »^” 1) (x, a ,b, c ,d,p,r) 

= CSfib - 4 et + 4 a,p) ( x > a ’ b ’ c > d >P’ r > 

+ Tax-lb )(cx+d)‘ * 4+1 ,P \x,a,b,o,d,p,r), 
which gives, 

(4.4.2) []D + + -i-g- - prx^ 1 ^ 4 a »P } (x,a,b ,e,d,p ,r ) 


Put, 


i£t X) m(a-l,p-l)/ a + c d d r) 

Tax+BTTci+dJ 1 n+l U,a,D,c,a,p,rj, 


D + -ih + 4sr - p^" 1 



we get, 

(4.4.3) st T^ a, ^(x,a,b,c,d,p,r ) 

= Tax+b)(cx+d) 4+l 1,P 1 \x,a,b,c,d,p,r). 

Operator s) provides generalization of G-ould-Hopper J 
operator s> and many other operators, 


v» ^ 


/V 


Putting a = a-n, a = 1, b = c = 0, d = 1 in (4.4.3) we get, 


s; 4 a ~ n ^\x,l,0,0,l,p,r) = T^ ri " 1 ’ p “ 1 )(x,l, ( 

(ih- 1) x a+n+1 e px T) rH-lr T .a 

= x ^ -T5fi7r- :D Lx * 

which with the help of equation (4.1.9) yields 
(4.4.5) s) l( a “ n »P)( x ,i,o,0,l,p,r) 

= C| + I) 3 H^(x,a,p). 


Repeated operations of s) gives, 

(4.4.6) s - m l'^ a, ^(x,a,b,c,d,p,r ) 

= (ax+b)“ m (cx+d)'" 111 , 

Put n = 0 in (4,4,6) we get, 

(4.4.7) i) m .l = ml ( ax+h )“ m (cx+d)“ m . 

. ^ a_m ’ P_m) (x,a,b,c,d,p,r). 

It is easily seen that, 

(4.4.8) si n .(U.V) = Z (?) ^ U.D^V. 

i=0 1 ' 

This relation is analogous to that of Gould-Hopper 3 . 


>, 0, l,p 
JC "-n 

-Pn J 
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which with the help of (4.4.7) yields 


n 


(4.4.9) 's', n .V = _2_ jf (ax+hr n+i (cx+dr :n+;L . 


i=0 


* S^" wi ’P-“ n+i \ x , a ,h,c,d,p,r).D i .V. 

Again we see that, 

D D #T (a,p \x,a,b ,c,d,p ,r ) 

= 2 )( D— i )! (ax+b )“0“*i ^( cx+d )“(i-i ) # 

i=0 1 

• nI 54 a, ^(x,a,b,c,d,p,r). 

This suggests us the inverse relation to (4.4.9) as, 


(4.4.10) D 3 = 2 (?)(j-i)!n!(ax+br (;5 ~i) e ( cx+d )' 


•( j-i) 


i=Q 


S )‘ 


Supposing the f(x+t) possesses a power series in powers of t 
as 

00 « n 

f(x+t) = 2 ~x D n »f(x), 


n=0 


it can easily be verified that, 

o° S') 3 


f(x) = 2 


3=0 3 • 

from equation (4.4.9) we obtain 


f(x) 


z 1 i L ^^rj[£x+Ax£,..,gf.L . 

j=0 ^ i=0 (j-i) 1 * 

. (ax+b ) a (cx+d ft e“ p:x: “J .D^.fCx) 
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OO . £ 

= 2 t 3 (ax+b)~ a (ex+d)“P e px 

3=0 


i=0 ( 0-i ) ! i l ‘ 


« (ax+b) a (cx+d/ e“ pxr 3 D i .f(x) 


^ CO GO 

= ( ax+b )™ a ( cx+d )“^ e px £ £ TTTT • 

j =0 i =0 1 ' 3 • 

. D 3 C( ax+b f.( cx+d f e-?*! . D 1 f(x) 

= (ax+b J ( cx+d )“£ e px £ Q ( ax+b ) a ( cx+d ft . 

3=0 3 ' 


■ p !• s TT- *<*) 

i=o Xt 


( ax+b )~ a ( cx+d e px Q { a(x+t)+b } a {c(x+t)+d ^ . 
. e~ p(x+t ^}. f(x+t), 


thus we have, 


(4.4.11) e*© f (x)= {1 + _^f ( 1 + -2lj}P . 

. - P< x+t ) r . f( x+ t). 

Hence on putting f( X ) = + \x,a,!,c,d,p ,r ) and 

t = t(ax+b)(cx+d) in (4.4.11) we get, 

(4.4.12) £ ( 3 + n ) t 3 4“7 3 ^' 3 j (x,a,b,c,d,p,r) 

3=0 3 n+3 

= {l+at(cx+d)> a . (l+ct(cx+d )>P . 

_ .-p { x+ 1 ( ax+b ) ( cx+d ) } r 

• " 9 

• \x+t(ax+b)(cx+d),a,b,c,d,p,r). 
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This relation was obtained by Srivastava-Singhal |3 5 3 in a 
different manner. 

4 • 5 R 5G llrlKSMOE RELATIONS 

3y making use of the relation (4.3.2), we have 

D n [2 ( ax+b ) a ( cx+d )P e“ pX . f 3 

_ ^n^ j- Q log ( ax+b ) a + log ( cx+d /-px^f "7 

hsmtm 

= (ax+b) a (cx+d ft []D + + "x+^ “ prx r “ 1 3 • 

Thus we have the relation, 

(4.5.1) 3 ( ax+b ) a ( cx+d )P e P »f 3 

= («H>yW)P e- pxr CB + ^ 

Letting f = T^ a *^(x, a,b ,c ,d ,p ,r ) and n = m, we have, 

D m C ( ax+b ) a ( cx+d )P e“ px .T^’P \x, a,b,c ,d,p ,r ) J 

= ( ax+b ) a ( cx+d )P e-^ QD + ^ + -j£d - P-"” 1 ! 111 • 

. T^ a »^\x,a,b,c,d,p,r ), 
which with the help of (4.4.6) yields, 

(4.5.2) (ax+b f( cx+d )P e“ px 4“* ^ \x, a,b , c ,d ,p ,r ) 3 

= (ax+b) a “ m (cx+d)P“ m . e“ pxr * 

. 4i; m,i3 “ m) (x^,b,c,d,p,r). 
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This generalizes the analogous results of Gould- Hop per |[[3[[]etc. 
With the help of (4.5.1) and (4.5.2) we get, 


(4, 


•5.3) Z-^E + Ms - P^ 1 " 1 + BJ®!*“’ f) ( 2 ,a,b,o,d,p,t) 




m+n 


Put m = 1 in equation (4.5.3), we have the first recurrence 

relation for T^ a, ^(x,a,b,c,d,p,r ) as, 

Cn+l) (ax+b) 1 (CX+d) 

( 4 - 5 - 4 > A ii^ 1,p " 1) (x, a , b ,c,a,p,r) = CsHf+ - prx r_1 +i»3 . 

• ^ 5 ^ , a,h , c ,d ,p , r ) • 

Next on differentiating T^ a, P \x,a,b,c ,d,p ,r ) we have 
D T^ a, P \x,a,b,c,d,p,r ) 

r 

__ (ax+b)~ (X (cx+d)''“ t ' i e^ x r- jxa P_2 

n! ax+b ” cx+cT 

+ p« r - 1 3.D n .|:(a X+ b) I 1 +<I (0K + a) n+ P e-P xr 3 

+ X aar nipta i l e px D n+ 1 E ( a^+b )»« 

( cx +a) n+ P 

how by making use of definition (4.1.3) we get a difference 
recurrence relation as, 

(4.5.5) D 4 a, ^(x,a,b,c,d,p,r) 

= prx^ 1 T^ a, ^(x,a,b,c ,d ,p,r ) - (ax+b )~ 1 (cx+d . 

. { aa ox + pc ax + aab + pcd ) T^ a >P \x,a,b,c,d,p,r ) 
- (n+l) T^““ 1, > 3 ” 1 \x,a,b,c,d,p,r). 
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CHAPTER V 


A GENERAL I SED CLASS OP FUNCTIONS 


5 . 1 ILTROmiO^I OR 

Bell polynomials axe defined as j”l3> 
(5.1.1) yg.h) = (-l) n e" hg D n e hg 



D = 


cTx 


where h is a constant and g is some specified function. 

Gould-Hopper Cel! generalized this by making the 
definition, 

(5.1.8) l4 r) (x,a,p) = (-if D“(x a ."I® 1 ). 

In an attempt to give a unified presentation of the 
classical polynomials viz. Jacobi, Laguerre, and Hermite 
polynomials Ruji?;axa studied the polynomials by 

generalized Rodrigue’s formula, 

(5.1.3) p n (x) = (x-ar“ (b-xrP.D n ((x-a) n+a (b- X )“■?}. 

Szego ICQ pointed out that (5.1.3) can be rewritten as, 

(5.1.4) p n (x) = c n (a-b ) n P^ a »^ (2{|Ef >+ 1)» 
where P^ a, ^(x) is the classical Jacobi polynomial. 
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Srivastava-Singhal £ 9 ^ introduced a polynomial system 
{ \x,a,b , c,d ,p ,r ) > defined by the relation, 

(5.1.5) n4 g,ji) (s,a,b,c,a,p,r) = exp(px r ) . 

. D n {( ax+b ) n+a ( cx+d .e“" px } * 

which provides a better generalisation to Jacobi, laguerre and 
Hermite polynomials etc, 

Srivastava-Panda £ 83 presented a further generalization 
to (5.1.5) as, 

(5.1.6) ^ Cx;a,b,o,diY,eiw(x)3 

.d“ { ( ax+b ) YI1+a ( ox+4 ) 6 n+? . w( x ) ) , 

•A. 

where n = 0,1,2,,., and a,b,c,d,a,j3 ,y,& are constants and w(x) 
is independent of n, differentiable an arbitrary number of times. 

In view of the aforementioned literature it is worthwhile 
to study the more generalized sequence of functions G- n (p,g,h) 
defined by, 

(5.1.7) S n (p,g,h) = D” C^« Pg D. 

where p is a constant, g and h are specified functions. 

It is note worthy that the above generalization is simple, 
convenient and more appealing, The approach apart from being 
more general has many distinct advantages of its own in the 
derivation of the properties of polynomials and functions. 
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In particular, we mention the following obvious particular cases: 
(5.1.8) G n (p, ~ log {(ax+b) a (cx+d f w(x ) } , (ax+b ) v (cx+d) G ) 


= ni []x}a,b,c,d ? v,e;w(x)3 

— Srivastava-Panda 
a log (ax+b)+p log (cx+d) r 

(5.1.9) G n (p, — — — x , (ax+b)(cx+d )) 

3? 

= n! \x,a,b,c,d,p,r ) 


(5.1.10) 


(5.1.H) 


( 5.1. 12) 


(5.1.13) 


Srivastava-Singhal £ 9^ 

a log (ax-a) + p log (cx+c) 

G (p, — — 1, a(x-l)c(x-l ) ) 

n p 

= nS (2ca) n \%) Jacobi Polynomials 

a log ax + {3 log d 
G n (l, — x, adx) 

= (ad) n L^ a ^(x) Laguerre Polynomials 

? 2 

G n (l, a log b + p log d - x , bd) = G n (p, = ~- ,-l) 

13 . 

= n! (-bd ) H^x) — — Hermite Polynomials 
G n (2, „ x" 1 , acx 2 ) = n!(2ac) n 

Generalized Bessel Polynomials QT] 

q ( p , t il2ii _ x r , -1) 

P 

= (-adx) n G n (p, _ x r , -i) 


(5.1.14) 



(5.1.15) 


= (-adx) n h£(x,<x,p) 

Generalized He mite polynomials [[ 5^] 

& n (l-»g } ~l) = H^gjh) - — Bell polynomials j“l3 


(5.1.16) S n (p, -x^x*) = S Cc)( x . a>kjP ) 


S. K.G hatter jea £23 


(5.1.17) G n (p, £Lj££-J£ -/, x ) = f^ } (x,p) 

——Generalized Laguerre polynomials OH 


5.2 OBBRATIOIOi FORMULAE 
Consider, 

e~ pg D n £h n e ps .f ^ 

= " ( n ) D n -=(h n e PS) D s .f 

s=0 s 

= Z^)e“ ps D n “ s (h 11 e pg ).D s .f , 
s=0 

thus with the help of definition (5.1.7), we get 
(5.2.1) e-P g D n |“h n e pg 

= j Q Q 

Further, 

e -Pg D n £ e PS h n .f(x)3 
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Put Y = (pg* + + D).f 

= e~ ps D 11 " 1 [> pS h n .Y3 

= e -PS])»-2 Ce pg h ii {pg , + + D} ^ y -j } 

which on substituting the value of Y, gives, 

= e-Pg D n “ 2 Qe ps h n ' {pg’ + £|1+D} 2 ,f 3 , 
repeating this process n times, we have, 

(5.2.2) e-PSD^ePV 1 f 3 = h n { pg' +^-+ D}“. £. 

With the help of equation (5.2.1) and (5.2.2), we get, 

(5.2.3) h n j~pg * + + lQ n .f 

= 2 (“) h% n q (p,g+s/Plog h,h).D s f. 

S=0 s n ~ s 

When f = 1, (5.2.3) reduces to, 

(5.2.4) + pg *+D 3 n * 1 = h " n G n (P»S»h), 

which is the first operational formula. 

Next consider, 

D n j3h n e ps .f3 

_ D n “ 1 j“ h 31 ” 1 ^^ {nh’+hpg'+hD } . f3 
(Now let f 1 « nh‘ + hpg‘ + hD) 

= d 11 - 1 Chnps.fg 

= D n ~ 2 Qi I1 “' 2 e ps {(n-l)h l +hpg»+hD} . f ± 2 » 
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which on repetition of the process, yields to 


(5.2.5) D n [[ h n e PS f]= e PS n {hlH- hp g 1 + ( n-i )h ! > 

i=0 


thus, we g 


et tnis second operational formula which further 


can he rewritten as. 


n 

n-5 , ,-.s 


H— 1 , > IX \ _. / \ T\® -f* 

n <hEH-hpg , + (n^i)h' > f = 2 ( J G n _ s (P >&» h J D 1 

i=0 s =0 


when f=l, we get 


(5.2.6) n 
1=0 


(hIM-hpg , + (n~i )h’ > 1= G (p,g,h) 


How consider 

D n [h n e pg fl= D 11 " 1 [h n " 1 e P s (nh' + hpg ' +hD > £ J 

= D n “ 1 [h n “ 1 e ps h“ m {nh m h’+h m+1 pg’+h m+1 D} f ] 

which on iteration yields to 
(5.2.7) D “ChV S a - 

+ [n-(DW-l ) ( i-1 ) 3 p * 

By making use of equations (5.2.1) and (5.2.7) we get 


(5,2.8) n <h 

i=l 


h m h’} 




n 

n-S\ 


f = h 1 ” 2 (“) S n . s (p,g,tf‘-=) D f 
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When f='l, we get, 

(5.2.9) n Qi nthl iH-h m+1 pg ! +{n-(m+l)(i-l)}h m h' “I • 1 
i=l 

= & n (p >g»^) 

Next consider 

»% hV g f 3= D n4 [hVS{n pg« + D} f 3 

= D n “ 1 !Ih n eP g x -“ ia {nf x m + pg’x m + x ID 13> O 

(Put n | , x m +P g- x m + x m D = f x ) = t ± 2 

= P n - 2 EhV g x' 2m {n | , x m + pg'x m 
-mx m “ 1 +x m I) } f 1 3 

(Put n ~ x m +pg’x m -mx^^+x 111 !) = fg ) 

= P n " 2 [h n e pg x“ 2m f 2 J , 

repeating the process n times, we get 

(5.2.10) D n £h n e PS f 3 

=h n e p s x’* m3a n [x^n “ , x m -.m(i-l)x m “ 1 +pg , x IQ 3 ' f » 

i=l 

Prom equations (5.2.1) and (5.2.10), we have 

(5.2.11) n &V I’x 111 -m(i-l)x m “ 1 +pg , x m 3‘ f 

i =1 __n_. 

= “ s ' f 



77 


In particular when m=l, g = -x r , h = x , (5.2.11) 

reduces to Shrivastava [7, Equation 3.2] given by the 
relation 

n-1 r ■ 

(5.2.12) n ( xD+ xth- a-i-p rx ) f 

i=0 

= 2 (“) E^f^(x,a+ks,k,p) D S f 


s : 


;=0 


5.3 GENERATING FONOTIONS 

By making use of the equation (5.1.7), we get, 
00 , n 


J* n G n +m (p,s ’ h) nT 

n=G 


2 e“ pg D n+m [h n+m e PS 3| 


n=0 


00 + n 

= e-P g D m I D n Qi n (h m e ps )3 It ' 

n=0 

How on expanding the R.H.S. with the help of Lagrange’s 
expansion theorem 

2 D n [I ( *(x) f. f(x)3 = 

n=0 11 * 

where 3 — x+t<f>(z) 

Here, ♦ (*) = Mx), f(x) = h m e^ 

z = x+th(z), 

we have , N 

, t n -pg^ < ht,n m e P g(z) 
(5.3.1) 2 G n+m (p,S,h) nT = 8 D l-th’(z) 

n=0 

where z = x+th(z). 
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Putting m=0 in (5.3.1) we have, 


(5.3.2) 


2 

n=0 


& n (p»g»k) 


tf 

n! 


e“PS 


c 


ePS(z) 

l-“th*‘Cz)-i 


eP{g(z)-g(x)} ( 1 _ th , (z)r l < 


Now it is evident from the Leibnitz rule of differentiation 
of a product of functions that the definition of G (p,g,h) 
leads to, 

3^G(p,g,h) = 2 (^)D k -3 e -pg I) 3+n (h n e pg ) 

x n i=0 3 


where D = , 

x dx ’ 

which with the help of (5.1,7 ) yields to 

k n 


n 


(5.3.3) D* G n (p,g,h) = M*) G k _ 3 (p,-g,l) ^ (p , g , h n+ ^ ) 


when fc= 1, (5.3.3) reduces to an interesting result, 

n 

(D x +PS' )G n ( I’’ s > h) = °n+l (p,s ’ llIH ' 1) - 


n 

n+T. 


putting D+pg’ = s) , we get, 

(5.3.4) s) G^(p,g,h) = ^^^(Pjgj^ 1 ) 

which by iteration yields to, 

— r 


n_ 

n+r • 


(5.3.5) s) G n (p,g,h) = d^Cpjg* 11 ) • 


(5.3.5) can also be rewritten as, 
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(5.3.6) s) & n (p,g,h) = h" r G n+r (p ,g- ~ log h,h). 

Put n=0, in (5.3*6) we get 

s) r 1 = h" r G r (p,g- | log h,h) = e“ ps D r £ e*" PS 3 , 
thus we have, 

(5.3.7) s f 1 = G r (p,g,l). 

Prom equations (5.3.6) and (5.3.7) we obtain 

(5.3.8) fi r G r (p,g~ | log h,h) = G r (p,g,l). 

Simple manipulations will yield a Leibnitz rule of 
differentiation type of product relation as, 

(5.3.9) - s f (TJ.V) = Z (“) U.D r .V 

r=Q r 

Put U=1 and V=G n (p,g,h), ( 5 .3 .9 ) would yield 

(5.3.10) s) r G n (p,g,h) = J q ([) 1 D i G ;n ( p,g,h). 

Uote that a comparison of relations(5.3.5) and (5.3.10) leads 
us to the relation, 

n r 

(5.3.11) S IH . r (p,g,h 5+r ) = i'H 1 D\(p,g,h). 

Put n=0 in (5.3.10), we have 

r 

. - v r „ * ,r\ - r-i „ _i „ 
s v • 1 = 2 (., ) s - r 1 D 1 

i=0 1 ~ 

which with the help of (5,3.5) gives, 
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(5.3.12) r, r . 1= l (f) S^Cp.g.l) D 1 1 • 


Again 


JS. 1 , , ItfJ \ 

D k GLXPfgjk) = £ (<) G k-i^“‘ P ,S,:L ^ * ^rH-j P 9 ^ f 

X A — 0 * d 


(5.3.13) 


= £ ( k ) G k< _ i (-P»g» 1 ) 5-^ G n (p,g,ii) 


i: 0 v 3 y 


which 


for n=0, yields inverse relation to (5.3.10) as. 


(5.3.14) 


D x = Jo^ 5- 


Suppose f(x+t) possesses a power series in powers 


of t as, 


f(x+t) = I ~r D n f(x). 
v n-0 n * 


Thus . 


e *0 f(x) = 2 T 

j=0 J 


t 3 r*: 3 


s'' 3 f(x) 


which with the help of (5.3.12), gives, 

= £ |j I (?) s u (p ’ E,1) Di f (x) 


=0 3 * i=0 


- i l D f(X> 

j=0 i=0 w ' 

= Z £ s.(p,g,D e tD f(x) 

* -n 3* 3 
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= f r G -;(p »S»1) f(x+t) 
3=0 3 ^ 

co 4 

= e'PS I ePS f( x+t ) 

'3=0 J ' 

= e-PS eP«( x+t) f(»t) 

= eP&C»t)-g(x)3 f(x+t) > 


thus we have , 
(5.5 .15) 


-foV °° 4-3 

e -- f(x) = 2 -tt G i (P»S» 1 ) f (x+t), 

3=0 3* 3 


and 


(5.3.16) e t &f(x)= )-6(*H 

Particularly when f(x) = G (p,g,h), we have, from (5,3.16) 

n 


^ £ s n+i <p.s>* n+3 ) - i tt 


t 3 -r 


3=0 


3 • n+3 


3=0 31 
= e~ pg e tD D n Jh n e ps 3 
= e-PS e tD ePS G n (p,g,h) 

= eP® sP®^ x+t ^G n (p >g(x+t) h(x+t) ). 


Thus we have, 


n 


(5.3.17) T £ a . (p,g,h w 3) = eP&^+W-gWD 

4 SS 0 ^ * **** 

’G n (p,g(x+t),h(x+t). 

Letting f(x)=l in (5.3.16), we have, 
i-0 3 * 3 


(5.3.18) 
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CHAPTER - VI 


OPERATIONAL RELATIONS RELAT E D IQ .A PUNOTION DEFINED BY 
‘ ' A GENERALIZED RODRIGUE'S FORMULA 


6 .1 INTRODUCTION 

following Eu-jiwara [] 6 3 » in an attempt to unify classical 
orthogonal polynomials viz. Daguerre, Hermite, Jacobi etc., 
Srivastava-Singhal studied a class of polynomials 

{l^ a, ^(x, a ,b, C ,d,p ,r) } defined by a generalized Rodrigue's 
formula as follows: 

(6.1.1) \x,a,b ,c,d,p ,r ) 

- ( ax+b)~' a ('cx+d)~‘^ exp(px r ) 
nl 

D“C (a»b)"-“(cxfa)“-Pe-»* r 3 , 

where D x = § x . 

Simultaneously Singh £ 13 ] also studied a generalized poly- 
nomial {P^, c ^ fxjajp ;h;k;p/r defined by the relation 

(6.1.2) E^ #y &ia»P5 h » k 5P/3 

= (x-xr ft ( x+ ur p exp(px r ). 

.^{(x-X^Cx+u)^ e^A 9 

h,k being non-negative integers and c,a,v, x real numbers. 


Then in view of the generalized Rodrigue's formula £9 3 


(6.1.3) p n (s) = {[l2(x)j »(*)> 

and '(x) defined by the relation 


(6.1.4) l x \x) = — —t 

“ Hx(x)3 X w(x) * 


n 


D* £ {X(x)) IH ' X w(x)H , 


where X(x) is a polynomial in x of degree < 2, 

Sri vastava-P anda £[15 3 studied a sequence of functions 
[xia,b,c,d; v,6;w(x) 3 > defined by the relation, 

(6.1.5) s U,p) 


where a,b ,c ,d,a,p , v,8 
of n and differentiable an arbitrary number of times. 

Going through the above developments and in view of 
Chak £l], Shrivastava £ 10 J , Viqay £ IS 3 and Chandel 
£±2 » is of interest to study a sequence {s^ a, ^ ,k ^ 
[x,a,b,e,d;v ,S»w(x) 2 > defined as 

(6.1.6) s (a»P^)p c>a> b,c,d;v,e;w(x)3 

= (axfbr^cxtarP, e n {(ax+'b )'’“'“ . 
ni w(x; v 

.(o»a) ^ w(x)i 

, . k d 

where 9 = x ^ . 


[x,*a,b,c,d; v,6;w(x) 3 


= - (W nn |£ f a) ■ D X C 

(cx+d) en+ ^ w(x)3, 


are constants and w(x) is independent 
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Evidently following are interesting particular cases; 


(6.1.7) 

4«*P' 0) &,a f b, = „l,l,.-** r 3 


= 4 a,P) &,a>b,o,d,p,rl 

(6.1.8) 

sl a,P,0) 6 ,a ,-x,l.vik,h,e' pxr 3 
n 



(6.1.9) 

s (a)P >°)r Xia ,b,o ,d;v ,6;w(x)3 

XI 


_ s^ a, ^[x» a ,ljC,d; v,e*,w(x )3 

( 6 . 1 . 10 ) S^ cc, 0 ,k) [x» 1 » 0 » c » d;0,0;e ”’ PX ^ 

= ~r 4 a,k) (x,r,p) 


(6.1.11) 

s (a,°,k)r X)lj0 ,o,d;m, 0 ,e- I,x 3 

XI *"* 


= ip y( r > m )(x,a,k,p) 
nl n 

(6.1.12) 

s‘ 1 a ’ 0 ’ k) &,i,0,o,a i 0,0;e- x 3= |r 4“k (x) 

(6.1.15) 

r 

g(a,0,0)j^.^^ j o, c ,d5 0,05e 3 


— : ( H (x >a jP ) • 

XI * d-i 

Further it 

is easily verified that, 

(6.1.14) 

s (a,§,k)p C} a,h,c,d;v,e?w(x)3 


j-io-i ^v+e+k-i c v+to-i d i-k-e t 

s (cc,§,l5:)rlcx >a> b,a 2 d,d 2 c;e,v;w(x)3 
* XI 3 A 
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which provides a generalization of the familiar relationship 

Cl 7 , p . 59 l 

(6.1.15) = (-l) n P^» a) (-x) 

for the classical Jacobi polynomials. 


6.2 OPERATIONAL FORMULAE 


We have, 


0 n {(ax+b) vn+a (ox+d) en+ ^w(x) Y> 


n 


Z (“) {e n ' r (ax+b) VI 1 +a (ox+d) eiH 'Pw(x)He r Y > 


r =0 


n 


= X TtrSfcrr {0 M ((«rt.) v ("- t > M ‘ + '» 


'( n-r")"! r'f 


.(cx+d) e(n “ r)+ ^ +er w(x)} {Q r Y} 


n 

I 


n! (n-r)Sw|x) _ 


^TSSJIrT (attb )=rcH-vr^ ar iPrJ' 

S^ Vr ’P +er ’ k )&,a ( b,o,a;v,e; W ( x) 3 {9 r X} 


Thus we obtain 


0 n (ax+b) vW ' a (cx+d) en+ ^w(x) I 


n 


-n..(z) s (^)^(ox + dff l 

r =0 


gta+vr.p+er.k)^ b>< , >4!V>e)w(x) 3 {0 * Y } . 


(6 . 2 . 1 ) 
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I ext consider, 


,(a,p » k )jx,a,b,c,d ?10 .,e;w(x)3 

_ ,(_ax+b r tt (ox+d) j, Q n { ( ax+ b ) vn+oc (cx+d ) Gn+ ^ w(x ) } , 
ni wTxl 


e n {(a^) vn+a (cx+a) ei *Pw( X ) Y) 

= 0 n - 1 [;x k {(vm-aJ(ax+'o)'' E+c ‘“ :L a(ox+d) eil, ' P w(x) 1 

+ (ax+b)'' rM ' c ‘(ei>+p)(°x+a) en< ‘^ -1 = w (x) I 
+ (ax + b) VIH - a (ex + d) 6nfp «'(*> Y 
+ (®t.r i {o»a) 6 "f w(x) 

_ e n - 1 {(ax+b) ' ,n+CI ( ox+d) 6n+? w(x) ja(vJH-cl). 

+ x k St) 

mich can be rewritten as, 

= e^fCaxH-bT^Cox+d)^ w(x) > 


where , 


y s [a(vn+a)x k (ax+b) +c(en+p) 

+ Dl. 


(oxta)- * + * „(? r "• x 

repeating the same procedure once more we have, 
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= 6 n 2 { (ax+b) v ^ a (ex+d)® n+ ^w(x) £ a(vn+a)( ax+b)‘“^x' 


-1 k 


+ c(en+p)(c x +d)“ 1 x k + x k + A] Y 1 > 

on substituting the .value of I , we obtain 


e n " 2 {(as+b) vn+a (cx+d) en ^w( x ) 

+ oiswBlxh /wl(xl e -,2 
cx+d w(x) -> * 


thus, n times repetition will lead us to the operational 
formula 


( 6 . 2 . 2 ) 


0 n {(ax+b) vrH - a (cx+d) en+ ^w(x) Y 


> 


( axH-b r Wg ( cx^d) 6 ^w(x) 


k 


k 


, c(en+-6)x , x w ’ (x) . n v 

+ cx+r^~ + trx) + - 6 } Y • 

This operational formula generalizes the operational formula 
of Shrivastava £ 10 ^ 

(6.2.5) 0 n pc a+mn e^^fl 

= I a e-' ,ir [aJ W Jpi Ift! rt] (i®t) 

6 n {(ax+^ )' gn+a (cx+d)® n+ ^ ^w(x) Y} 

= e^h(ax + b)^V*+d) e " p «W 


Next , 


k 
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. s k+r 

= e^n^r (= x+ ap + p wu> 

+ £isaSji»£^ + + x k+r 031 } 


e 11 ” 1 { (ax+h 


^ vXH'OC ^ Qx+d (x ) w(x)»Y^} 


where. 


t 1 ! 


a^cc )x k « + 0(6^3 }£1 + + x k+r »3 

-pS+F + ' cx+a 

0 «-2 { p i3(v 1H -a)a(ax-rt)''" a - 1 (ox+d ) en+ ? *" r w(*)*i 

+ ( 6 n+g)o(ox+a) eiwp ' 1 (ax+b)''“ +a x" r w(x)T 1+ 


+ (ax+b )'*“ (ox+d ) en+ P(-r)x- r - 1 w(x) Tj. 
+ (ax+bj v “' a (ox+d) eil+fi x _r w'(») ?i 
+ (ax+b ) vn+a (ox+d) en+ P ^ _r w(x) D T3.Il> 

= e a -2 { (ax+b ) vI1+a (cx+d x‘ 2r w(x) 


J.« )a x k+r iS£t§iSS 

i -r— + CX+d 


- r x 


k-l+r 


. slLaUsi + x k+r 03 > > 

+ w[x) A 

thus n times repetition would yield, 

(6.2.4) e n {(ax + b) vn+a (ox + d) e ^ «(*) *> 

= (alrtP” (ox+a)®^ s'” »<*) 
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(vn+g )ax^ +r (enfg jcx^ 1 


ax+b 


- (n-3)r 3 


, x k + r-l + x_ w .» . ( 3cj + x k+r D> Y? 


which provides further generalization to the operational 
formula of Shrivastava cun 

(6.2.5) D k [> knfa e“ px .£ ] 


r , n 

-px .kn+a-n « 
e r .x 11 


fl (xD+kn+a-n+i-p rx 1 ).f , 
D=1 


Shrivastava-Panda [1 15, Eq. 23 ^ 

(6.2.6 ) I^yfU°a±lE . D n Ua+b^lox+dP^lx)!) 


(6 n n 
Lw } 9 II 

3=1 


, vn+g) ax 
ax 




this formula is put in the opposite operative sense here. 

In particular it reduces to Srivastava-Singnal J£ 16, Eq. 27 3 
given by the relation 

(6.2.7) (ax+b )~ a (cx+d)“^ exp (px r ) E^. {(ax+b)** 00 . 


(ox+d) "P.e-P* .Y) = {iMtSkSSi. 

■ - 3 +1 3 Y ’ 


} n £& 
3=1 
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Srivastava-Singhal has taken opposite operative sense. Our 
(6.2.4) operational formula gives us a set of operational 
formulae by giving different values to r. When r. = -k, (6,2.4) 
reduces to, 

(6.2.8) 0 n C(axhb) vn+a (cx+d) Gn+ P w(x ) 


(.cx + h) vn+a (cx + d) en+ ^ x llk w(x) . 
^ ^"ax+b + 


6.3 OPERATOR 


With the help of (6.1.6) and (6.1.8), we get, 

8 m S^ a '^[;x,a,b,o,d i v ) e;\iiCx)3 

= 6® ( . 9 n c; (ax+b r»( ox + a w(x)3 ) 

. {0 r+n jl(ax+h) v3 ^ a (cx+d) e ^ w(x)3 
ID. 

= 1-2 ( m )(m-r )! (n+r)S (ax+b )~ vr (cx+d )“ Gr , 
n> r=0 r 


. s 


(a-vr,g-er,k)[- x> a )bj 0 jd ; Vje . w ( x )n[ , 


thus we have, 
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(6.3.1) e m s^ a, ^ ,k ^ [x,a,b,c,d; v,e?w(x)3 

i m 

“ nT J" (r )( m “ r ) ' ( n+r ) ! ( ax+b )“ vr ( cx+d )~ 6r . 

* 4l? , ~ P,k) [ x > a ,b ,c ,dj 0,0; —jl] • 

* S^ r -P-er,k) [x,a,b,o ,d“ vjG; w(x)3 » 

which gives when ro=l 

(6.3.2) 0 S^ a, P ,k ^ £x,a,b,c,d; v,6;w(x)3 

= 4“ a, “ P,k) tx,a,b,c,d;0,0; * 

• s( a, P sk 'kx,a,b,c,d;v,6;w(x)3 + (“-!) • 


. ( ax+b )~ V ( cx+d )""® S U- 1 V.P-e.k) Cx , a fb , 0 f d J v,e,w(x) 3 , 
which leads to, 

♦ Wk + + 4 ^ 4 a>P ’ k) C X ,a,b,o ( d ; v >eiW (K)3 


= (n+l)(ax+b )” v (cx+d )~ e » 


.4Ti v ’ M ’ k) c 


3C j o, j Id 


»c,d; v,G;w(x)3 



now put* 


<Js = 0 


+ 


k 

aax , 

^+f + 


x k w» (x ) 
CXHpct W(x) 



So, that 

(6.3.3) . $s^ a, ^ ,k ^ []x,a,b,c,d|V,G;w(x)3 
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(xh- 1) (ax+b )*“ v (cs+d ) 


s (a-v,p-e,k) r x , a ,b f c,dj ; v*e;w(x)3 

• w *n 4-1 »—■ 


Again by iteration, we get, 

(6.3.4) Cx,a,b,c,d;v,6;w(x)3 

jatai ( ax+ -br BV (ox+ar* 


(n-mv.p-me > k )r x ,a,b,c,d; v,6;w(x)3 ■ 

* Q n+m u 

The operator <j> generalizes the operators, those given by 
Gould- Hopper Q 17 3 


(6.3.5) 


a r-1 

S) = D x + | - P r x 


and by Singh 03 


(6.3.6) 


'S) = x D x + a-p r x > 


and is analogous to 


the operator given by Vi 3 ay C 18 J 


4» s= x hg* + 9 


(6.3.7 ) ♦ = x 0 

and Shrivastava 03 


(6.3.8) 


4 ) ss £ + xhg* where S - x ^ • 


When n = 0, relation (6.3.4) reduces to 


(6.3.9 ) Al-mt (ax+b)-“ V (ox+d)'” 16 • 

<s (a-mv,p-me,k).Q x , a ,b,o,d;v t e;w(s)3 


r 
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This is an operational formula which happens to give many 
special functions in particular cases. For example Ghandel [X 3 » 

(6.3.10) [> k hg‘ + e[] n *i = 

' axid Snr i"v astav a [3^3 


(6.3.11) C.6 + Xhg' 3 n .l = G n (h,g). 

Next, it can he easily verified that 

(6.3.12) Au.V) = " (?) (e^.O^.v). 

v r=Q 

put U * f and V = 1, (6.3.12) yields, 

(6.3.13) <> n .f = 2 (“) (« M .D 

i=0 

which with the help (6.3.4) gives, 


(6.3.14) <>• 


'.f = I ( n )(n^l)l(ax+hr (n '* l)v (cx+d )G • 

i=0 x 

o(a-(n-i )v ,{3-(n-i )e , a ,b,c,d;v,e;w(x)3 •> 

* S n-i U 


Which 


will yield (6.3.9) when f = 1. 


How, 

e m S^ a, ^ ,k) Cx,a,h,c,d;v,e?w(x)3 

= 1_ ^ ( m ) (m-r )! (n+r )i (ax+b )"* vr (cx+d)* 

r=0 ^ 

s („a,-p, k )^ x ,a,h,c,d;0,0; ^jjll 

( a -vr,p-er,lc)r- Xya)bj c,d;v,e;w(x)3 , 
• D n+r 
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which witn ihe help of (6»3®4) gives 


m 

(6.3.15) e m Cx,a,bjO,d;v,e;w(x)3 = ^M r )( m - r ) 1 • 

'. s (-a»-§» k l x ,a,b,c,d5 0,0; • 


^gCoCjp »k) [ x ,a,b,c,d;v,s;w(x)3 


This suggests us» 


(6.3.16) e“= " (“)(m)I S^“’-P’ lc) &,a,b,c > a i 0,0; 5 ^j3.'!' 1 

r=0 x 

this relation is inverse to (6.3.14). 

It can he easily verified that 


0 ° Yl 

e t< ^.f(x) = £ |r * n .l.e te .f(x). 
n =0 * 


Which with 


the help of (6.3.9) or otherwise yields, 


( 6 • 3 • 17 ) f(x) = S t n (ax+h) (cx+&) 

n=0 


g(a— BS 5 k) a> b 9 c 5 &; v , 6 ; w(x )3 #f< 


l t J 

it=0 


\ axrt )- nu ( cx+d ’f-* ’ k } fr , a ,b , c ,d , v ,6 ; w(x ) 3 


“ * a (cx+d)-g 


ax+b ) (cx±d 
“ wTxl 


, e 11 {(ax+b) a (cx+d)^ w(x)} 

23Et ill 18 { ( ax+b ) a ( cx+d / w(x ) > , 
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which yields, 


_(,ag ±kr^(cx +d ft |- ^ 


. (' 


ax 


****** m wrw > , i iwiiwwT | | i | P WOTffr . < , i tf > ittwyataxctfl <yMa8*waKiB> 

{ 1- ( h- 1 ) tx^"* 1 > 1 / 7 ^“ 1 


+ b) a , 


cx 


W^ 1 


+ d 


. w(- -* ■ ■ jg.T -jtct ) J 

a~(k-i)tx 1 } 1 / J& ' 1 


hence, we have, 
(6.3.18) e"** f(x) = 


n, . \-nv. . , s-ne 


2 t ( ax+b ) (cx+d ) 

n=0 


iS Mv,p-ne ( k)^ ja)bjC)d;V)e . w(x} -j e te £ 


= r (_ + 1 f . 

w ^T L { TZxtyLi )x k " i iV^-i 


•V - - “Vij i/k-i + d )P w( 7 1 _-t'^. 1 x ) ^- 1 ) i/^i x 

). 


(1— t(lc~l)x 

f( {U( to-1 

The generating relation of Chatter jea £2^ is also a particular 
case of (6.3.18), 


(6.3.19) 2_ ^ r ^x;a-hn,k,p) 


ja 


n=0 


= (l + t X 3£ “ 1 ) a .e^ r {l-Cl+tx^f} . 

When f (x ) = S^ a, ^Cx,a,b,c,d|v,e;w(x)3we have, 

(6.3.20) e^ S^ a, ^ ,k ^ [x,a,b,c,d 5 v,e;w(x)] 
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ax+b )” a ( cx+d )”P |~ 




’ ( 1~( k-1 )tx^ 1 ^'} V-^" 1 


+ b) c 


' { ; 

2 ( & % P 9 ^ ) [ 


tt;y * ^ w (‘ 




Z" : — ~ 2 T~T“T7FT » a,b,c,d ; v,e?w(x)3 


This result is analogous to Vi jay £ 18 3 » 


(6.3.21) e U G-( k \h,g) 


exp £h teO 


C i-(k-i; 


)-g(x)> 3 • 


Also (6.3.20) reduces to many similar generating functions, 
specially for H^ r \x,a,p), 4j\x,p), T^ a \x,r,p), T^ a » k) (x,r ,p ) 

and p£ a »P\x) etc. 

When f(x) = 1, we have 

OO 

(6.3.22) e^.l = l t n ( ax+b )“ nv (cx+d)- 21 . 


. s (a-n v, p~ne ,h) i^; ^ a } b , c ,d ; v ,e ; w(x >3 

ax+b r a (cx+d )1 i- / ax 

"ST \ L— ' _ . , i, _ \ J&Ji. 


{l^b(k-l)x } 


+ b) c 


{l-t(t-l)x 1 }' 


d )^w( 


u-tCk-i}* k 
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6,4 L INEAR GEhBRAl'ILG- RELATION 
Prom (6,1,6) we have 

CO . V 

z s U,p,lc) Qx,a,'b,c,d;v,eiw(x)3 t n 
n=0 

= f ((8x+b ^(os+d ^ .*(*)>. 

21—0 w \ x / n * 

p ut u = ~TtTT“ then 3u = xk fee 

X = {(l-k)u} 1 / 1 " k , 
therefore we get, 

2 s (a»pj ic ) p X) a,b,c,d;v,€;w(x)] t n 
n=0 n 

( ax+b )** a ( cx+d )"*^ y ~b n 

W n=0 n! 

.(o((l-k)a) 1 / 1 _k +d) en+ P.w(((l-l!:)u) :l / :L " :i£ ) } , 

now we apply Lagrange's expression [_83 1° simplify this result 

(6.4.1) - = 2 ~f L x ^ [I^( X )Z1 «£(x ) ) 

l+t^z) n=0 

where z - x+t <j»(z)# 

Let <>(u) = (a((l-k)u) 1/1 "’ k + b ) V (c( ( l-lOu) 1 / 1 ” 1 ^ ) G 
and 

f(u) = (a((l-k)u) 1 /l*- k + b) a .((c(l-k)u) 1 / 1 ‘‘ k +d)^w(((l-k)u) 1 / 1 “ k ). 
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So we have, 


( 6 . 4 . 2 ) 


2 S 


( a > § j It ) 


[__x,a,b,c,d;v,e?w(s) 3 


( ax-t-b )~ a ( cx+d )~^ 


( a( ( l-k)z ) 1 / 1 ” lc +b ) a . (c( (l-k)z ) 1 / 1 “ k +d .w ( ( ( l-k)z ) 1 /l“ k ) 

l~t {v(a ( 1-k )s ) 1 / 1 ~ lc +b ) V-1 . a( ( 1-k )z ) 1 ~^. ( c ( ( 1-k )z ) ^ 1 “ k +d ) e + 
+ e ( C ( ( l-k )z ) 1 / 1-k +d ) e - 1 . c ( ( 1-k )z )^~ k ( a( (l-k)z) 1 / 1 “ k +b ) v > 

where z = + t(a( ( 1— k)z ^+b ) ( c( ( 1— k )z )^^ k +d • 

This is the required generating relation. 

Particular Cases This generating function provides 
generalization to the generating function of Shrivastava CIO, 
Eq. 4.4] , 


.4.3) 2 ^ E'i r,m) (x s a,k,p) 


n> n 


> a . { i- n t((i-k) z ) 

■■ X 


hm-1o~1 


* e ^P Z p{x r -{( l-'k)z) ~ ^ $ 


^-k+l Y^r; 

where z = + t((l-k)z) . 


Other particular cases of (6.4.2) are 

°° H^(x) t n 2x t-t 2 

(6.4.4) 2 = e x , 

n=0 n * 
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the generating relation of generalized Gould -hop per £ 7 3 » 

(6.4.5; 2 \x,a,p ) = x~ a (x-t) a e p l- x 3, 

and the generating function for l»£ r \x;a,k,p) given by Chatter jea 

OH, 

(6.4.6) 2 n 1 n J (xiajkjp) | r 

n=0 11 ■ 

= (|) a • (l-wkz k “ 1 )’* 1 . esp (p (x 2 -r 2 ) ) , 

, k 

where z = wz +x. 
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CHAPITER - VII 


A UNIFIED PRE3EIMI0L FOR CLASSICAL POLYNOMIALS^ 

"^^"gsHbrali zel rodRIguE t s' formula for classical 

POLYNOMIALS AND RELATED OPERATIONAL RELATIONS” 


7 .1 II PRO DUG IIQH 

The classical polynomials have a generalized Rodrigue’s 
formula of the form 

(7.1.1) F n (x) = ^ IX*) ^ 

where K n is a constant, X is a function in x, whose 
coefficients are independent of n, and w(x) is the weight 
function and F n (x) is a polynomial in X. 

Most familiar polynomials defined in this manner are as 
follows: 


(7.1.2) 
(7 .1.3) 

(7.1.4) 

(7.1.5) 


p ( x ) = ~JL D n (x 2 -l) n —Legendre Polynomials. 


p(a»§)( x ) Lzii. (l-x)” a (1+x) ^ 
n 2 n! 

.D n [;(i-x) a+n (i + x)P +n n • 


— Jacobi Polynomials, 

n 2 n! 

— Gegenbauer Polynomials, 
R ori (x) = D n [> n ( l-x 2 ) n H— Appell. 
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( 7 . 1 . 6 ) 


(7.1.7) 


(7.1.8) 


(7.1.9) 


4 a) (x) = i, x-“eV t>“ + V x :j 

— Laguerre polynomials. 

H ( x ) = (-i) n e x2 D n (e” :x ) — Hermite polynomials. 

/ o v \ -h“ n -a h/xpnj^a+2n -b/x-n 

y^(x,a+2,b) = bxe h L? e 

— Bessel polynomials. 

h ( x ) = 1_ e x2 D n & n e"* 3 " 2 3 — Humbert Polynomials, 
ji n 1 


Seneralisations of Rodrigue's type formulae Have been 
a starting point of many researches in the past and attempts 
were made in different directions to generalise one type of 
the polynomials or other by different authors. following are 
the few main generalisations of Rodrigue's type formulae: 


( 7 . 1 . 10 ) 

(7.1.H) 


(7.1.12) 


P (x) = _L_D n [i s -:g n C’3 

n,s n is 

£(*,.*) - (-i)VV x V&V px 3 


Gould- Hopper [>3 


l^ ) (x,r,p) = 4n ) < x>p) 


(7 .1 .13 


- *1 e^V&^V 1 ^:} 

~ ru 

Singh and Srivastava C l ( - > 3 

— Chatter;iea 

/ r \ v -a p x r 1 rmoc+mn -p x -n 

pO 1 ^(x,a ,m,p ) = x e D 1? - 1 

— Chatter jea C 3 3 
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Now lately attempts were made to give generalization to 
Rodrigue’s type formula to include all familiar classical 
polynomials. In this direction attempts of Pujiwara £63 
and Ohatterjea £ 5£ are note worthy. Very recently 
Shrivastava ,£ 9 £ in an attempt of unification, considered 
a set of polynomials ,k )(x,r,s,m) defined as, 

(7.1.14) p( a ^ ,k )( x ,r,s,m) = x“ a (l-kx r 

6- 4* qtl 

.D n £x™(l-te r ) t £, 

where a,£ ,k,r ,s, and m are parameters. Por different 
values of parameters (7 .1.14:) becomes identical to any of the 
classical polynomials from (6.1.2) to (6.1.13). In 
continuation of this chain of unification and generalization, 
we consider below p^ a >P ,k ^(x,r, s,m,A,B) a betterment of 

(7.1.14) , defined as 

(7.1.15) p(a>P > k )( x -r,s,m,A,B) = (Ax+Br a (l-tec r )“^ k 

§L 4. oj} 

where as before a ,k,r , s,m,A,B are all parameters. 

Ihis function happens to include all the classical polynomials 
and functions, mentioned above from (7.1.2) to (7.1.14), 

They are related in the following manner: 

(7.1.16) Pjx) = ^—3. P^ 0 ’ 0,1 \x;l,l,l;l,l). 

11 2 nl n 
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(7.1.17) 




^l£p(oc,p,l) (x; i jl|1;1>1) 


(7 .1.18) 




= p^»'* a »“ 1 ?(x;l,l,l;-l,l) 

= p( a >§ > 1 )(it2L 1,1,1; 1,0) 

n! n v 2 

— p(§ »0C J~l) / l.T.S • 1 l.ljl.O) 

- nT P n ^ 2 ,i ’ x ’ ’ ’ ' 

1 1 

= i = l2% CX ‘ B ,X “ ?,1) (lS l,l,lil,l) 

2 n n! n 
2 n n! n 

(_l) n ( x ~ 2 ,X “ 1 i-to) 

= nl (——-■*, i,i,i,i,uj 


1 1 
1 S’ X - 


nl n 


(7.1.19) 

V x) 

p(0,0,l) (x 2 x 1;1>0 ) 
n 

(7.1.20) 

E n,»< x) 

-S .(.T.ikl p(0»0, l)( x 1 0; 1,0) 

, n n 
n! s 

(7.1.21) 

p(a,P > k ) 
n 

(x.r.s.m) = P 0>.P. !c )( X ;r,s,m;l,O) 

(7.1.22) 

Ii^ a \x) 

= lim E^ a > 1,li;) (xil,0,ljl.0) 

k=0 

(7.1.23) 

HjjCx) 



= l im (.l) n P^ 0 ’ 1 ’ 1C) (x i 2,O > Oil,O) 
te=0 
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(7.1.24) 

(7.1.25) 

(7.1.26) 
(7.1.27 ) 
(7.1.28) 


y n (x,a+2,b) = lim b _n p^ a ’ b ’ k \ x j-1,0,2,1,0) 

k=Q n 

n n (x) = Um| r p( i 0 > 1 > k )( X ; 2 ,0,l > l ) 0) 

= li® 4 P^°’ 2,k) (xil,0,l,l,0) 
k=0 11 

H^ r \x,a,p) = lim (-l) n p( a 5P’ k )( x >r ,0,0; 1 , 0 ) 

11 k=0 n 

'4 a) (x,r,p) = 4n } ( x » P) = Urn ^ P^ a,p > k) (x;r ,0,1, 1,0) 

P^ r ^(x,a,m,p) = lim P^ a,p ,ic ^(x;r,0,m; 1,0). 
n k=0 33 


7 .2 EXPANSION AND GENERATING RELATIONS 


Prom (7.1.15) we have, an explicit expression for 
p (a >k)^ x . r> s ,m,A,B) as, 

(7.2.1) p(&»P ,k \x;r ,s,m,A,B) = A^lx+B)^"* 1 ^ l-kx r ) sn ni 


? (-D^-B-ksn)^’ 1 ) ' 
•i=0 i? 


x ' 
i 


L (-l) t (i) 2 
1-kx t=0 V j=0 


, a+mn u rtw Itx+B \ 3 
* ' n-j ^ 3 ^Ax ' ’ 


,cc+mn u rt \ ( Ax-t-B ^3 
k n- ’ * 

where (a)^ k,n ^=a(a+k)(a+2k). . .(a+n^l k) 


Making use of Taylor's expansion 

i 03 , n kn 

f (x+tx k ) = 2 — -Thr — P f(x) 


n=0 
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and Lagranges theorem, 


oo T1 


/here z = x+t <f»(a) 


w e hav e 


Here - 


p (a ,h)( x . r jSj m,A,B) = (Ax+B) a (l-hx ) ^ 

.D n [:{(Ax + B) m (l-toc r ) S > n 


f(z) = (Az+B ) a (l-kz 1 )* 1 /* 


r-1,-1 


,. (z ) = (AzcB) B - 1 (l-kz E ) s " :! !(^-Ai z r (iH-sr)- S kr Bz ' } 


where 


Thus we 


z = x+t (Az+B) m ( 1-kz ) S < 


obtain following generating relations, 


°° . n 


(7.2.2) 2 n nT^n 


j!p(«.P+)( X ;r, S ,m,A,B) = ^ 


. a-t(Azrt-B) m-1 ( 1-k/ ^(mA-Akz^im-sr ) 


~shr Bz 1 ^” 1 ) * 


Similarly we obtain, 

!T t 11 (a-mn,§-ksn,k)/ x ;rjS ,m,A,B) 

L n nT r n 
n=0 


(7 .2.3) 
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and 

(7.2.4) 


= (Ax+B )" 00 (l-kx r )“PA 

L A{x+t(Ax+B) m (l-l^c r ) S }+B] a 
• D-~ k{ x+ t(Ax+B) m ( l-kx r ) s > r 3 PA 


2 

n=0 



p ( a-mn+n , p -ksn+ kn , k ) 
n 


(x;r,s,m,A,B) 


■ & 


1-kx 


« { 1- t ( Ax+B ) m ~ 1 ( l~kz r ) s " 1 ( A-Br z r " X -Ak( 1+r ) z r 1 
where z=x+t(Az+B)(l-k z r )(Ax+B) m “ 1 (l-kx r ) s " 1 . 


(7.2.5) 


2 

n=0 



p(a ,p-ksn,k) 
r n 


(x;r,s,m,A,B) 


/ Az+B \a 
^Ax+B ; 


. ( ~)P A { 1-mAt ( l-kx r ) s ( Az+B ) m ” 1 1 
l-kx r 


I 


where z=x+t(l-kx r ) s (Az+B) m 


(7.2.6) 


where z 



= (^|) a ( — r - ft / k ' {l~At( l-kx r ) S (Ax+B) m ~ 1 )‘~ 1 
1— kx 

xfBt( l-kx r ) s ( Ax-4- 3 ) ffl ~ 1 
l-At(l-kx r ) S (Ax+B) m “ 1 


Bor particular values of parameters, above generating relations 
yield into interesting generating relations for the familiar 
classical polynomials . Following are few interesting casesi 
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(7.2.7) £ P^ a, ^(x)t n = 2 a+2 2 " 1 (l-t+z)" a (l+t+z)‘ 


where 


(7.2.8) 


z = (l-2xt + t ) 


2 , 1/2 


°° t n (r), \ 4 . m-lx-l p(x r -z r ) 

£ A- ^ rj (x,a,m,p) = (|) a (l-mtz ) e* v 

n =0 n ’ 


where 


z = x+tz‘ 


(7.2.9 ) 


where 


£ -L p ^ a ^» k ) ( x , r , s , m ) 

n=0 n> n 

JC 

_ ( z yx ^ 1-kz )§ /k 


1-kx 


. {i-tz m “ 1 (l-kz r ) S ~ 1 (m-hz r (m+sr))>' 


= x+ 1 z m ( l-kz r ) 3 . 


.3 OPERATOR s) 

Prom (7.1.15), we get 

DE (a,P,k) (x , r , Sl m,A,B) = DC (^+B)- a (l-toc 1 ')" P/k 

n R 

f- + sn 

,D n { ( Ax+B ) a+mn ( l-kx r )* > 3 

}+(Ax + B)-« 

„ | +sn 

( l-kx r )“P / V* 1 { ( Ax+B ) a+mn ( 1-kx ) fc > 

/ aA ^lZL) p( a »P » k )( Xi r,s,m,A,B) 

“ “ ( I^ + i-kx r ; n 

+ ( A X + Br m ( i - ta = r r s p ^ i m , p - ks ’ k :) (^ i r > s - m - A * B) 
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Thus we have. 


(7.3.1) 


Let us denote 


DP^ a ^ ,k \x;r,s,m,A,3) 

a o r-1 

_ _r ttj L + §-£L_ \ 

“ H lx+1 l-kx r ; 

.p^ a, P , ^)(x»r ,s,m,A,B) + ( Ax+ B ) 
(l-kx r )“ s p^“ mj P" ks,k \xir,s,m,A,B), 

>te 

D + ccA + ^rxfl 1 _ D , W e immediately 


Ax+B 


1-kx 


obtain from (7, 3.1) 


.3.2) jp p^ a ’^ ,k \x;r ,s,m,A,B) = (Ax+B) (1-kx ) 


r s 


(ot-m,p-ks»k)( s m ^ b) . 

* r n+l v 


Repeated application of §j gives us, 

(7.3.3) 5^ a ’£’ k \x;r»s,m,A,B) = (Ax+B) _ * tm (l-kx r ) S 

(a-tm,p-tks,k)^ x . r ^ s>m> A,B). 
• n+t 

This operator D reduces to similar operator due to 

Gould- Hopper £7 3 te =°- I ' olloW:Lj ’ g ^ the 

cases of (7.3.3) £ 7 3 

(7.3.4) E) t l4 r) (x,<x,p) = (- 1 ) tH ^t^’ a,P) 

(7.3.5) ©* 4“ J (x.P) = ( n n t)t! ** 4(t«L) (x,fJ } 


Ill 


(7.3.6) £)* p“y n (x,a+8,p ) = x" £t Y n+t (x;a+2-2r:',,p ) 

(7.3.7) S)' t ®n r ^( x,a > m >P ) = x "" mti 'n+-t( x,a-m1:,m ’^ ) 

(7.3.8) S t p(a»P.^ (jc>1 . iaim) = x -^ (1 _ ta x )-ts 

p U-tm lB -sW,k)( x>riS>B) 
In case of Jacobi polynomials, we have 

(7.3.9) (IH- P^’^tx) 

= (n+t )t , 2 -n-8t( x 2_ ir t p (a-t,p-t) u)- 

Ip admits the following rule 

(7.3.10) jE} n (UV) = Z (? ) Tf~ l U D 1 ?. 

i=0 1 

Letting V=l, and T3=P^ a ^ ,k \x,r,s,m ,A,B) ,(7.3.10) yields 

|} n P^ a ^ ,k} (x,r,s,m,A f 3)= 2 (^) 13^^ ,k \x,r ,s,m 

’ n i=o 1 11 

which with the help of (7.3.3) yields 

= “ (?) (Ax + B)-( n - i ^(l-te r )-‘ n - i)S . 

1=0 1 

Jf (a T m(n-i),p-s(n-i)k,k (XtriS>miAjB) Pi . 


Ihus we have, 
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(7.3.U) ¥) n = _I (?)(Ax+B)’ 






Also , we have from (7.1.15) , 


£)3p ( a »^-) (xjr , s,m, A,B) = 2 (?)(B 3 '(Ax+B) ( 1— kx 


I f3 )fD n-i (Ax+B) -a (1 ^ r §A) 


.D i+n [I(A X +B) a+ran (l^) 


= z (?) (Ax+3r m (i-icx r r sl . 

1=0 x 

#p (-a 5 -M)( x ,r,0,0,A,B) 

3 

(a-mi,§-hsi,k)/ x , rj s,m,A,B). 

n+i 

Ihus we obtain 

(7.3.12) D 3 p(«»P ' k) (xir,s,m } A,B) = ^\) (1_kx } 

(-a,-§,k)( x;r , 0 ,0,A,B) 

3-1 

(a-mi ,p-lcsl,l : )/ Xjr f S) m,A,B) 
n+i 

this with the help Of (7.3.3) suggests ah inverse relation to 
(7 .3.11) as, 

(7.3.13) D 3 = j o (3)P^ 1 ^’ k) («t > 0,0,A > B) S 1 . 

Suppose that f( X+ t) possesses a power series in powers 




of t as, 
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°° , n 

t 


f(x+t) = 2„ D f(x) . 


n=0 


0 onsider , 


00 j -3 

tD f(x) - s * gj3 f(x) 
j=0 3 ' 


which with the help of (7*3.11) gives 

= s 4 s (?) (Ax + Br (3 - i)m (i-te r r Ci_i)s 

j=0 3 ‘ 1=0 1 

p (a-m( 3 -i) ,p-s( 3-i )k,k) ( x#r )S I^f (x) 

3-i 

= T z 

<«n i=o U +1) ' 1 


i=o 3=0 

#p (a-m3,P~s3k,k) (x - rjS ,m,A,B) D 1 f(x) 
3 

= z 4 ^fU) TT ^tB)-3 m (l-ta r r 3S 


1=0 3=° 3 

* 3 

which with the help of (7.2.3) yields 

= 2 ( Ax+ B )“ a ( l“^x r )“£ / k 

■ c°(^) +B 3 a 

= ( JU+ B)” a ( l-ict r ^ {A(x+t)+B> 
.U-hCx+t) 1 !^ e tD *(*)• 


[ Uhus W6 o"b ■fcoi^ 
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(7.3.14) e t:i) f( X )= z P. s)j f ( x ) 

j=0 3‘ 

= (^+B)" a (l-k r )“P/ K {A(x+t)+B } a 
.{l-k(x+t) r }P/ k f( x +t). 

In particular , when f(x) = P^ a »P ,k ^( x ,-r ,s,m,A,B) we have, 

©O -i 

( 7 .3. 15 ) S Q r p(j s J»,(J-3ta,W (l|rtlljIatA|B) 

= (Ax+B)~ a (l-kx r )"^/ k 
.{A(x+t(Ax+B) m (l-kx r ) S )+B} a 
. {l~k(x+t(Ax+B) m ( l-kx r ) s ) r }^/ k 
. P^ a ’^ ,k \(x+t(Ax+B) m (l-kx r ) s ),'r,s,m,A,B). 
Further by using equations (7.3.3) and (7.3.14) we have, 

(7.3.16) 2 ^ P^” m 3 + 3»P“ J£s ^ k )( x -r }S , m ,A,B) 

_ r 1 L Ax+ B ) m ~"^~ ( l~kx r ) s )+ B a 
” t “ - Ax+B f 


,m-l/ 


l-k( x-tt ( Ax+B ) m " x ( l-kx r ) S ) r B /k 

• 1 J 


1-kx 


. P^ a ^ ,k ^(x+t(Ax+B) m “ 1 (l-kx r ) s ,‘r,s,m,A,B). 


7 » 4 O PERATIONAL PORM UL.A'Fl 


Consider 


£ 


+ sn 




n 


+ sn 


M^) ^ n “ r [:(A X+ B) a+mn (l-fe r ) k 


r=0 


w 


hich with the help of (7.1.15) yields 

= l (“) (Ax+3) a+mr (l-kx r ^ 

r=0 1 

(D r YJ . 


Thus we obtain the operational, formula 

£ _L_ cVl 

(7.4.1) D n C(Ax+B) a+mn (l-k x r ) k I] 


= £ (“) (Ax+p) a+mr (l -tac r ) l+Sr 

r=0 r 

J (a+mr,p + k s r,l ! :) (x . r)aim>A)B) {]J r y , 


Next consider 

E +SH 

D n £ (Ax+B) a+mn ( l-hx r ) k 13 


= jP~ X Z (Ax+Bf^d-tac 1 ) 1 +S “ 


fcr(| +sn)x 
1-kx 1 


r-1 


+ D> YU 




,a+mn. 


+sn 


ill 
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( where 


+ sn ) r kx r 1 

Ax+B ~ _ , r +B) 


1-kx 


= J) M C(Ax + B)“ +mn (i-k/g / A(g+mn) 

' Ax+B 


I 


+sn 


kr(| +sn)x r " 1 
l-kx r 


+B} g 


On substituting the value of Y we get, 


= B n - S t; (toB)“ +im (i-kx r ) 5 +sn {^a±aai 

Ar4. R 


Ax+B 


(| +sr )kr x r-1 P 

k — +r> r g . 


1-kx 


Repeating it n times , we get 


+sn 


( 7 . 4 . 2 ) B n £ ( Ax+B) a+mn ( l~kx r ) k I^j 


Sl 

= (toB) a+mn (l^ r ) k 


+sn 


, A( a+mn) (| +®n) to 1 " 1 

Ax+B ' l-ix r 


n 

+ D} I . 


Next, 

^ + an 

D n £ ( Ax+B ) a+mn ( i-kx r ) k Y 2 


D n -l|: (Ax + B) a+mn (l-kx r )^ k 
(|r +sn) krx r ~^ 


1 -Jtex 


+ D } l3 
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= D n ~ 1 [] (Ax+B) a+mn ( l-kx^ ) 


+ sn 


-r r A( g+mn ) 
1 Ax+B 


(| +sn)krx r “ 1 x r 

l-S? 

D 11 - 2 : Ux + B)™( 1-ix 1 ) 
Iccx 2 X 


+ X r I) } Y] 


+ sn 


-2r r A( oc+mn ) 
x 1 Ax+B 


x 


r Vfc 


(| +sn ) — r " 1 r 
l-kx r 

(I + sn)kr x r " 1 x r 


■rx _1 +x r D } { 


1-kx 


+x r D} I] 


By repeating this process n times, we have 


& 


+sn 


(7.4.3) D n tI(Ax + B) a+mn (l-hx r ) k Y2 


= (Ax + B) a+nm (l-kx r ) k 
r 


+ sn 


-nr 


n A(a+mn)x i (| +sn)kr x r “ 1 x r 

•n {. 


1=1 


Ax+B 


1-kx 


-(n-i)r x -(n-i-l)r-l + x r D> y 


d 


6=x ^ possesses following properties 

(7.4.4) x^I) 11 = <5 (6-1) ... (6-n+l) 

(7.4.5) f(6) exp {g(x)} h(x) = exp{g(x)} f{6+xg* (x) }h(x), 
By making use of (7,4.4) we get 

(Ax+B) a (l-kx r )-^/ k m r k +sn 

jj — xV {(Ax+B) a+mn (l-kx ) k Y> 
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( Ax-fB)"" a (l_kx r ^ t x ^+mn 

■i— — n (6-i+l) {Ux+B) a+ian . 


n 


i=l 


i 


r v +sn 
.(1-kx ) lc 1} 


with the help of (7.4.5), we obtain 


+ sn 


(7.4.6) (iix+B)~ a ( l-kx r )“^ //lc (AxH-B) a+mn ( l-kx r r I) 

= { } n n [; 6+ 

1”*“ 1 

(|: + sn)krx r 


1-kx 


~i+l □ I. 


Whereas left hand side of the above equation by employing 


Leibnitz rule, can also be expressed in the form 
n 


2 (?) (toBf* (l-kx r ) S =5 . 

0=0 D 


^p(a+m3,p+kso,k)( x .r }S>m>A> B) { D 3 y> . 


Equivalence of the expressions yields the operational formula 


(7.4.7) n [> + - 


(fc +sn)krx 


i=l - Ax+B " l~kx r 


-i+i3 i 


' (Ax+B) m (l-kx J ' ) o 
,(Ax+B) m ^(l-kx r p^ m 3»P +ks 3» k )( xi r,s,m,A,B){I> ;i T> 
When Y = 1 (7.4.7) would yield 


> n 2 (?) 


r ' 3 ' -'0 '3 
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(7.4.8) ° r 6+ ( .l +sn)krx . 

1=1 M+B l-te r 


a+ 


O 1 


={. 


m/, ,_r N s *n 


(Ax+B) ( l~kx x ) 


> n p( a »P»^( x ,'r,s,m ,A,B) 


7.5 BILATERAL G3IISRA1I1G- FUNCTIONS 


In this section we shall prove two theorems; 


THEOREM 1; If 


o ° yi 

(7.5.1) PGcH = I p (a-m,p-]CBn,k) (x . r m>A>B ) t 

^ A -*•! Ill 


n=0 


then, 


( 7 .5 .2 ) ' { A( x+t( Ax+B) m ( l-ix r ) S )+B } a { l-k( x+ ( Ax+B ) U1 ( l-kx x ~ ) s ) 

i~kx r 

•P ’ x+t(Ax+B) m (l-kx r ) S » 

■CM* 

yt(Ax+B) m (l_kx r ) S {Ax+t(Ax+B) m (l-kx r ) S }‘~ 


\m 


rNS-n 


{ l-k( x+ 1 ( Ax+ B ) m ( l-kx r ) S ) r > S 
2 p(a~ ;nm >P-' ksn » k )( x -r,s,m,A,B) 0 „(y) | 


n=0 


n 

n w ' nT * 


where a (y) is a polynomial of degree n in y given By 


(7.5.3) 


n 


o n (y) = E q (?) a y y y 


To prove this theorem we substitute the series expansion of 
o (y ) given by (7 .-5.3) on the R.H.S. of- (7.5.2) and we get 


} iV k 
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OQ 

S p(<x-m,p-ksn,k) 
d= 0 n U,r ’ 


n 


s,m,A,B) 0n (y) ~ 


- I a V ^ . 

v = 0 V1 


oo 

* 2 p(ot-(2W-v)ni.,p-.ks(nf y) *&)/ r q , B \ t 

n+v v x ? r , s,hi ? a 5 -d J rr 


B=0 


n 

nT" 


On summing the inner series with the help of equation (7.3.15) 
we get, 

= E a/ htoBJ^-llV)' ^ S ' 

p=0 H 

. {A+(x+t(Ax+B) m (l-kx r ) S ) + B} a “ vm 

2. -on 

.Mx+t(Jbc + B) ffl (l-te r ) s ) r } k 

• Pp a “ Vm,i3 " kSV,k) ((x+t(Ax+B) m (l~lc x r ) s ),'r 5 s,m,A,B) 

= (Ax+B)“ a (l~kx r r^/ k {A+(x+t(Ax+B) m (l-kx r ) S )' +B} a 

.{l-k(x+t(Ax+B) m (l~kx r ) s ) r 

o° 

• 2 trP„ (a "™’ ?_kS ' I ’ k) ((x + t(lx + BAl-te r ) s ; r ;S( m,A, 
V=0 M ‘ 

. [>t(Ax+B) m (l-kx r ) s {A(x+t(Ax+B) m ( l-kx r ) S )+B }~ m 

. {l-k(x+t(Ax+B) m (l-kx r ) S ) r }“ S 3 U 

r A(x+t(Ax+B) m (l-kx r ) S +B ,a 
" Ax+B 1 

l-k(x+t(Ax+B) m ( l-kx r ) S ) r ,§/k 

• i y, J 

l-k x r 
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.P 


(x+t(Ax+B) m ( ) S ) , 


1MA x±BT.( l~toc r ) s U( x+ 1( Ax+ 3 ) m ( l-k/ ) S +B }~ m 
{l~k(x+t(Ax+B) m (l-kx r ) S ) r } s 

which is the required, result, Hence iHe theorem is verified 
THEOREM 2: If 


oo 3^ 

(7.5.4) SC X ,t3= Z E U-m»n, P -k SI1) k) (x . r)S>m>AiB ) t 


n=0 


then, 


(7.5.5) ( Ag? . ) r f (l=M.2thi)P/ k 


1—kx 


. &[” x+t , yt(A(x+t)+B) 1 “ m (l-k(x+t) r )~ s 3] 


00 

= S p(a-4«»n,p-k m ,i:) (i n 
n=0 11 


. (• 


( Ax+B ) m “\ 1-kx 1- ) 


:) n tr <* (y) > 


r ns' nl n v 


where ° n (y) is given by (7.4.3). 

Proof of this theorem is similar to the proof of theorem 1* 
Here we male use of equation (7.3.16) in place of (7.3.15) 
in proving this theorem. 
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CHAPTER VIII 


UNlPlEL P RSSEH LAHON FOR CLA SS ICAL POL YNOMIALS-II 
"A GENERALISED RODRIGUE'S TYPE FORMULA FOR CLASSICAL POLYNOMIALS” 


8.1 INTRO LUC HIGH 


In an attempt to unify the class of orthogonal polynomials 
Pujiwara studied the polynomials defined by the generalized 

Rodrigue * s formula 


(8.1.1) Pn (x)=LfL 


(x-ar^b-xr^D 11 ((x-a^tb-x)™ 13 ) 


where D = 3^ j 

the polynomials p n (x) are 
(x-a) a (b-x)^ , where a»P > 


orthogonal w.r.t. the weight function 
-1 over the interval J~ -1, l3 • 


Srivastava-Singhal j“ 13]] presented a more generalized 
unified presentation of certain classical polynomials by studying 
the polynomial system {p^ a >P \x,a,b ,c ,d,p ,r ) } defined by 

(8.1.2) I^ a, ^(x,a,b,c,d,p,r) 

- ( ax +b )~“ a (cx+d)**^ e^ x _ 

ni 

. D n { ( ax+b ) n+a (cx+d)^ e^) * 

Srivastava-Panda £12 3 presented a further generalization 
of (81.2) as, 
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(8.1.3) { £x,a,b,c,d»v ,e;w(x)]] 

_ ( ax+b )" a ( cx+d )~$ 

~ n! ~w[x) * 

. D n {(ax+b) vn+a (cx+d)^ n+ ^ w(x).} 

In Chapter 5 also we have studied one such presentation 

viz, 

(8.1.4) []x,a,b,c,d; v,e;w(x)3 

a ( ax-i-b )" a ( cx+d 

nl w(x) "" * 

. 0 n Q (ax+b ) vrw " a (cx+&f' m '$ w(x) ^ 

kd 

where 9 = x ^ . 

In all these attempts to unify the classical polynomials, 
following Rodrigue’s type formula 

(8.1.5) I n (x) = £-5^7 D* Cw(x) X°3 

has been a starting point. 

Other noteworthy attempts are as following 

(8.1.6) P (x) = ~~£ D n (z 2 -l) xl Me non £62 

n ’ s nl s 

(8.1.7) 4(x,a,p) - (-if x“ a X D^x* 

Gould- Hopper QS 3 
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( 8 . 1 . 8 ) 


4 a) ( x ,r,p) 




~ e px * D n [ x a+n 2 


0 hat ter j e a M , Singh-Sr ivastavaQT} 

(8.1.9) ^ r) (x,a,in,p) = £ a e px V £ x a+mn e^-j . 

- — Chatterjea Q 3 ^ . 

P.N. Shrivastava £ 11^ recently attempted a unified 
Rodrigue's type formula by studying functions defined by the 
relation 

(8.1.10) P^ a >P’ k) (x,r,3,m) = x - ” (l-ix r rP/ k . 


.D n Cx“ +mn (l-toc r ) 


+ sn 


In the present chapter we extend our study by introducing 
further generalization set of functions defined by the relation 

(8.1.11) p(“»P> k > U(x,r,s,m) = -r'H l-kx r )" e / k . 


where e-x'fe . e n C*“«“(l-kx r ) k 3. 

and <x,p,k,r,s,m and 1 are parameters, which evidently provides 
us an elegant generalization of various classical polynomials 
like that of Hermite, Laguerre, Humbert, Legendre and Jacobi etc, 

Following are the particular cases 
(8.1.12) p( a >P » k >°)(x,r,s,m) = p( a »P> k ) ( x ,r,s,m) 
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( 8 , 1 . 13 ) 

(8.1.14) 

(8.1.15) 

(8. 1.16) 

(8.1.17) 

(8.1.18) 


lim (-1)* 1 p£ 0,2,k,0 ^(x, 1,0,0) = 11m (-l) n . 

k -* 0 k -* 0 

• p( i °> 1 > k »°)( x , 2 ,o,o) = yri 

l=l 4 £Lp( 0 ,°.i,o) (x>1!>li0 ) 


L=gL v (o, g,i,o) ( J*5 >liltl) 


he p i 0 ’ 0 ’ 1 ’ 0) ( i ?> i.i.D 


IT 


= P n (x) 


lim “f P^ a,1,k, °)(x, 1,0,1) = l/ a \x) 


k - 0 


P^ a,P , 1 , 0 ^(^S, 1 , 1 , 1 ) 

= ~r P^’ a, " 1 , 0 ) (- i f s ) i 5 i,i) 

= pi“> P) (x) 

p (0,0,l,0) (xjg(lil) = R p (x) 


(-l) n p ( X " 5> x -|. 1,0 Kl+x 


n! 


(rir* i’ 1 ’ 1 ) 


± (x-|, x-|, l) 1-x 


p 

nl n 


(^, 1 , 1 , 1 ) 


, xn (0,x--|, 1) 

= * n * P (x,2, 1, 

O XX nrvS 11 


0 ) 


2 ni 


4 (x) 
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(8.1.19) 11m B" p( a ’ b * i > 0 )( x ,- 1 ,0,2) 

K 0 


= y n (x,a*2,b) 

(8.1.20) Hill —• P^ 0 ’ ljk ’ 0 \ x , 2,0,1) 
k -> 0 

= lim ™ p(°»2,k,0)( x o X ) 
k - 0 n * n 

= k n (x) 

(8.1.21) L=±£ ?(°’°’ 1 ’°'>(x, s ,l,0) = ? (x) 

n! s 11 jS 

(8.1.22) lira (-l) n A a & ’ k ’ 0) (x,r, 0,0) = lf(x,a,p) 

k *♦ 0 11 

( 8 . 1 . 23 ) lim P (a J P»k,°)( Xjr j0 , m ) = p( r )( x , a , m , p ) 

k — 0 n n 

(8.1.24) ij. p(a,P 5 k J °)( x>r ,o,i)=TCa\ x , p ) = !> } (x,r,p). 


8.2 EXPANSION AKD GENERAIIHG EIMOTIOIS 


Pr om (8.1.11) we have , 


p(oc,£,k, )( XjrjS>m ) = x " a (i-kx r )^/ k e n [(x a+mn (l-kx r ) k+ Sn 3 

- a (i-kx r rPA e n & a+mn 2 ( k , )(-kx r ) i 


n 


x 


= x 


-a 


1=0 

00 Jfc+ sn> 
i 


(i-^)-PA * ( * T ») 


i=0 
n p- a+miH-ir 


. e [x 
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= (i-kx r r^/ k i (-k) 1 c^ + . sn ) . 

i=0 1 

. (a+mn+ir X-l)n+mn . 

Thus we have an explicit form for P^ a, P ,k » X \x,r,s,m) as, 

( 8 . 2 . 1 ) P^’P’^U.r.s.m) = (l-toc r )-P/ k . 

oo , EL gj][ 

. 2 (-k) 1 ^ . )( a +mrH-ir r x “ 1,n ' . 
i=0 1 

ir+(x~l)n+nin 

* X f 

and also by further expansion we have, 

(8.2.2) P U,p } k, X )(x,r,s,m) = 2 2 (-k) 3+i (-l) ;j • 

j=0 i=0 3. 

. (^ p ) (a+mn-bir )( x - 1 > n ) # 
r( 3 +i)+mrH-(x-l)n 

t Ji* t 

where (a)^ ,n ^ = a(a+k)(a+2k) ... (a+(n-l)k) . 

Now from (8.1.11) we have, 

(8.2.3) 2 It p£. a ^ ,k ’ X \x,r,s,m) = x~ a (l-te: r )"^ . 

n=0 * 

.2 £ e n c te m (i-ta r ) s } n ^(i-te r )P/ k 3. 

n _0 n. 

Letting = u then x x > 

thus the fi.H.S. of (8.2.3) is 
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U1 

x" a ( l-fa r )-PA (^j) n Z ( ( 1- *)U) 1 ' 1 . 

—•EL. ^ ^ ql_ 

.(i-k)(i-x)u) 1 -’ 1 } .iatiju^-'d-kd-iju) 1 -^) 3 


Using L agr ange * s theorem 


( 8 . 2 . 4 ) 


I^T 


where y = x+t<J>(y), 

we obtain the generating function, 

(a.2.6) z ^4 a,p,k ’ x) ( x > r > s > m ) = " it • 

n=0 * ia x 

r 

_ i-mu-Oz} 1 ^ R/lr 

. £ □PA.Cl-t{(l-x) Z } 1 " x . 

1-kx 

r r 

. {l-k(l-x) z ) T “ X > s “ 1 . { m-k( ( 1 - x)z ) 1 ~"^ 


where z = 


. (im-sr) >3“* ' , 
r 

__ \ 1~X \S i 


-X+l 


+ t{((l-x)z) x “ (l-k((l-X)z) J -“* A ) fa } . 


This generating function yields generalization to a number of 
generating functions. 

Following are its particular cases 

(8.2.6) 2 £ A a, P’ k) (x,r,s,m) = (|) a (i=^f)^/ k . 

n=0 n ‘ n x 1-kx 

. { l-t z m “ 1 ( l-kz r ) s " 1 (m-kz r (nH-sr ) )}“ 1 , 


X+ tz m (l-kz r ) s 


where 
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(8.2.7) JE^ (2t) n P n ( x ) = (l+Stz)- 1 
where z - x+t(i-z 2 ) 

CO 

(8.2.8) E u n P ( x ) = (l _ 2ux+u 2 r l/2 
n=0 

J acobi p olynomial |“ 7 ]] 

(8.2.9) £ \x)t n = 2“ + P R“^( 1-t+R )™ a (l+t+EJ-P 

where R = ( l-2xt+t 2 )^/ 2 . 


Generalized Hermite function £5]]] 


( 8.2.10) E —y H^ r \x,oc,p ) = x” a ( x-t ) +a , e^ C x -(x-t ) 3 

rv~~n 


n=0 


Generalized lag uerre function Q3 }9 J 

(8.2.11) E t D 4 a \x ? r,p) = (l-t)" 01-1 


n=0 


Generalized function of Ghatterjea £ 3 j 
00 + n ( y 

(8.2.12) E Cj (x,a 5 m,p) = (|) a (l-ritz* 1 ” 1 )" 1 


m 


where z = x+tz‘ . 


how using the formula 


e t6 f(x) = f {■ 
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We have , 


00 ^.n 

0 


2 P U-mn,p-k s n,k, x) (x>rjS>m) 

n=0 ‘ 


00 j.n 

= l 
n=0 


£ |r 


•. + sn 


8 n t x a ( l-kx r r 2 

C x a ( £-ix r )^/ k 3 

- a ( l-kx r )-P/ k e tx “< ^ > S ‘ 6 , x “( 1-la* )P A 


= x~ a (l-toc r ) 


r ^ i v 

rio n! 


= x-“(i-ta r rPA { £ )« I 

c l-(x-l)tx m (l-kx r ) s z x_1 3 1 / x " 1 

. fl-k ( 2 ) r .}P/ k . : 

[l-(x-l)tx“(l-lra r ) s | 

Thus we get another generating function as, 

(8.2.13) 2 j 

n=G ' n * I 

_ { A — . — } a , ( i_kx r )“P/ k l 

£ l-(x-l)tx m ( 1-k/ ) s x^ 1 2 1 / X “ 1 

. { l-kx r ( i- 

which for X= 0 reduces to Shrivastava CU3- 
Also consider, 

2 p (a-niwn,p-ksn+sn,k, l)( x r , s ,m) 

n=0 n! n 
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oo n 

y t -ct+mn-n, . , r / 
n“ x ^ 1_kx ) 

n=0 


!+• sn-n 


. e n [Ix a+n (l-lac r r 


+ n 


- X+ 1 


(Putting ~ry~ = u, then x x X = = D) 


-a 


r o/v 03 /+_n^l/i w r ^s-1 \n 

( l-kx r )"P/ k S 1— — ~L i ffe J„ X . 

n=0 n> 

1 r 

• D n [IU(l-x)u) 1 - X (l-.k(((l-X)u) 1 ~ X )} n . 

1 1 
. {((l-X)u) i:T } a .{l-k(((l-x)u) 1 -‘ X f}P/ 1C . 


Applying Lagrange's expression, we have. 


oo ,33, . v 

.2.14) 2 t p («-»m,fl-tota,l£,i) (liri3jl) = 


(2 


ni n 


n=0 

_■ . ( (1- x)z )~ L ~‘ A { 
1 x 


^“ x - l-k( ( ( 1- x)z )^“ X ) r > . 


1-^ 


TT 


, {l-tx BUl (l-kx r ) s " 1 ((l-x)z X " T . 


. C l-k( l+r )( ( 1 - x)z 2 >“ X » 


where, 


2-1^ + tx m ” 1 (l-kx r ) s " 1 ((l-x)z) j -“‘ X (l-k((l-x)z) 1 " x ) 


l_ r 

1— X ' 


z 


•x+l 


Again, 




n=0 


00 4 . XI ^ — Jr; -f 

= I ~r x- a (l-kx r ) 5 
n=0 x * 

.e n C X a+Inn ( l-kx r #/ k 3 


sn 
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r >s-.n 


_ a . r . o/v 00 {t( 1-kx ) } 

x a ( l-kx r )-P/ k . 2 ■ ... , - 

n=0 n ‘ 


. 9 n [:x a+mii (i-ta r ) p/k :i 


1 


(Letting = u , ^ = D ) 


= x-W)AA r 

•vo A ^ * 


n=0 


D n {(( l-x)u) 1 “ > } cc+mn . {l-k( ( 1 - x)u) 1 "’ x }^/ k 


= x-“d-k X r )-PA . 2 laLffi&lf . 

n=Q 11 * 

m 1 

. D n C *(( 1-X)u) 1 “ x > n .{(( 1-X)u) 1 “ x ) a 


JU 

. (l-Kd-ijuF 1 )?/ 11 !]. 


Applying Lagrange’s theorem, we have 

1 

= x” a (l-kx r r^/ k .{((l-x) z ) 1 “ x } a . 

r 

. {l-k((l-A)z) 1 "' x #/ k . 


. {l-mt(l-kx ) ((l-x)z) 


rtH-X -1 

r nS/ / ^ ,^1 1 -x }~1 # 


Thus we obtain, 

1 

(8.2.15) 2 ^p(^oc,p-ksn,k,x)( x>r)S>m ) = { LU^k±t--f . 

n=0 X . 

hh-x —1 

. { — X }§A. { l-mt( 1-k/ ) S ( ( 1- X)z ) 1_r ~ V -1 , 

1-kx 
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where , 

-x +1 JL. 

z = r—r" + *d-fa r ) s (d-x)z) 1-x . 

Kent, 

Z P (a-mn+n,p-ksn,k, \), ^ {t/x' m ~ 1 ( l-kx r ) s ) n 

n ^ 0 n U,r, 0 ,rd; - n! 

OO 

= S x-“(l-kx r )-P/ lc e n [: x “ +n (l-toc r )P/ k 3. 
n=0 *“ "* 

on applying Lagrange's expansion theorem we get, 


= x" a (l-kx r )“P/ k . ± 

{(( 1 - x)z)W. { 1 — k( ( ( l-x)z)^” x ) r }P/ k 


l-t((l-x)zT^ 1 ~ X 


14- 1 . 

where z = + t((l- *)z)Vl-\ 


-X+1 


Thus we have, 

(8.2.16) 2 p(a-naw-n,p-ksn,k, x)( x>r , s>m )— Z?L — L 2 


n=0 


1 1 
\1*“ x ^ t»/ / / 1 , \ 1 1— x \r 


x l-kx r 


l-t((l-x)z) X / 1 - x 


• X+1 


— AT X ’T—nT 

where z = + t( (1- X)z) 

8 .3 QPEMTIOLiL FOBMULiB 

Consider, 6 

r N r+ sn Y -i 
n^- a+mn( 1-kx ) * J 


yid- 
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= j 0 O<e- C X “ +cm (i-to r )^ +sn 3 { e r . 1 , 

with the help of (8.1.11) we obtain 

= 2 (?) x a+m ( 1-kx* ^ “ . 

r -0 r 


* P n2 mr ^ +krS,k ’ x) (x,r,s,m) { e r .Y>. 


Thus we have the operational formula, 

( 8 . 3 . 1 ) e n C^ a+I,m (i-fa r ^ +Sn - Y3 = I 0 (> a+mr < 1 -** r >' 


sr 


r=0 

/ +wf . 

• P nJ’ P+kSr ’ k ’ X (x,r , s,m) {0 r .I}. 


Next, 


V\ t tviio y» Hh sn v*"l r\ n-lr 0C+IH2I/ ^ *» IC \J 

e 11 ^ x a+nm ( 1 -fcx r r • I -l = 9 Lx u-** ) 


:+ sn 


r+x— 1 

. {(a+mn)x X “ 1 -(| + sn) — + ei.Y] 

1 —k-r 


1-kx 


(here Y-, = 


= e n - 1 C^ a+mn (i-ta r r + sn 

X-1 (^r+ksnr )x r+X “ 1 
{(a+mn)x ” jr 


•hl> 


1-kx 

i. 


+ 0 } • Y 


K 

Q n-E^ x a+nm^ 1> _ lac r -jk + sn .{(a+mn) x x ” 

kr x r+ ^~ P -t 

-V- 


Putting the value of Y^ 


e n_2 c x a+nm ( 1 -kx 1 ' r H c .s 


rjt + sn -i 2 
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Repeating it n times we get, 


( 8 .S. 2 ) © n c; ) . X3 = x a+mn ( l-kx r ) 


f,+ sn 


X 1 ^ ri 

- x 1 NX + e} n .i. 


{ ( a+mn )x X “ X»( (3 r+ ksrn )- 


1-kx 


Further, 

Q n r -.a+mn, r ^ + sn 

0 |_x (1-kx ) 


.y] = / 


+ sn 


r+x-1 


, 1 (£ + sn) krx J 

, { (a+mn)x - — + x x D} 

1-kx 

= f + sn x- r {(a +tm ) . 

.r+x-1, (|+ S r)(-ta r - 1 )x r+x r+x 


0 n “ 1 [|x a+mn ( l-lQC r ) 


1-kx 

ft 

+ sn 


x 


+ x r+A D>Y3 


hi* 


. x 1 


.r-ls r+x 


where Y^ = {(a+mn)x r+x “ ± + 


.r+x-1, ( 4 + sn K-ta “ ) x' 


1-lac 


+ X 


:^> Y 


= e n -2^ x a+mn (1 _ fe r } 1 


+ sn 


x~ 2r { (a+mn) . 


r+\-i + sn)(-krx )x r+x— 1 

.x x + ~ — vt rx r+A x 


1-lac 


+ x r+x D.}Y 1 3, 


on substituting the value cf Y t we get, 


Q n-2[-xa+mn( sn x ~2r # • {(a+mn ) 
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r+x-1 (|: + sn)(-krx r ’" 1 )x r+x 

x + 


1-kx 


-rx r+x “ 1 + x r+X D }. 


. {(cc+miOx i+A + 


n times repetition yields 


r+x-1, ( l + sn)(-krx r ~ 1 )x r+x r+x 


1-kx 


+ x D } Y, 


£ 


(8.3.4) 9 n [:x a+mn (l-toc r ) k+ 


x a+mn ( l-lcx r f + Sn x- m . 

n X r+x 1 4 + sn)(-krx r *“ 1 ) 

. n { (a+mn)x + = 

i=l 1-kx 


. /+ x - (n-i )r x r+x - X + x r+x D}. Y. 

Simil&r other product formulae on the lines of Singh j[^ 8 3 * 
Shrivastava j~ ICQ , 0 hatter jea []]3[] etc. can be obtained. 

Next consider, 

eP (a»P >k, x )( X} r , s,m) = e {x” a ( l-kx r )”P/ lc . 


n 


+ sn 


. 6 n [;^ +m (i«fe ) D> 

1-kx 

n r a+nrn, fa r ) l + sn -j K~ g ' , ' m ( l^a£± 

.6 Lx dtai J+ 

.e n+1 Cx a -" m(n+1 \i-** r B+B( “’ 1> 3 


Thus we get, 
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(8.3.5) Q p(a>P> k >0( X}r>Sjm ) 


{-ax*""^ + 


Sr x 


r+x-1 


1 -kx 


} 


. p^ a »P » k » x \ x ,r,s,m) + x“ m ( l-kx x ) 
. P^f^“ ks > k > X) U,r ,B,m), 


X \-s 


which further gives, 
£e + ax 


x-l pr x^^ 1 - p u,g,k, » (z>r>B>m) 


1 -kx 


= p^-m.P-ks.Jc, x) (Xjr)S>m) . 

Denoting 5} = 8 + ax' -1 - ^L-2 — — , 

1-kx 

we have , 

(8.3.6) H) P^ a ’^’ k ’ X \x,r ( s,m) = x _m (l-kx r ) _s 


. P^- B ^- kE > k > x) ( x,r,s,m). 

This formula is analogous to that of Shrivastava Cun. 

( 8 . 3 . 7 ) SD pOx.P > k \x,r,s,m) = x -m (l-lcx r ) -s . 

. P^.P-^.fc)( x ,r,s,m). 

By repeating ( 8 . 3 . 6 ) t times, we get, 

( 8 . 3 . 8 ) £)* p£ a »P ’ k » X \x,r,s,m) = x“ tm ( l-kx r )“ ts . 

. P^ mt ^“ kst ’^ x) (x,r,s,m) 

® is obviously Gould-Hopper operator for k - 0 , 0 

and j 3 = p • 
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Following 


are particular cases of (8.3.8) 


(8.3.9) 


0 p(<r»P »k)(x , s,m) = x " tm ( l-kx r ) • 


t p(a-tm,p-kst,k) (X}r>Sjm ) . 
# IVrij 


(8.3.10) H< r I S^ x >“>P ) 

(8.3.11) |1 I 'i r ^( x > a > m ’P ) = x_mt i '^t^ x,a - kt,k,P ^ 

(8.3.12) SQ* i a n \x,V) = (”£*>« ** 4(Wn)^>P ) 

(8.3.13) 33* p n y n (x, a+ 2,P ) = x' 2t W*.**-®- 8 "* > 
For Jacobi polynomials we have, 


(8.3.14) (D + + £3 


SLy 6 p( a »p\x) = (^ki .2- n ^ t (x 2 -ir t 


* n+t v 


Hext : 


23 (U.v) = X x D + ax x_1 - )(D - T) 


= (x x D + $ ) (U ) 


( where 4>= ax‘ 


fi£j££i) 

1-kx 


■« x x D (U.v) + ♦(U.v ) 

= x x (U.D^+V.D.U) + fOJ.y) 

= U.x X X>.V + V(x x D + <*>) u 
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on substituting the value of <j> , we obtain. 


= u.ev + v JQ u, 


This on n tines repetition yields. 


(8.3.15; s f (u.v) =2 (“) ,§ 3 n “ r u. e r .v. 

r=0 x 

This relation is analogous to that of Gould-Hopper DO 
Using (8.3.8) for n = 0 and (8,3.15), we get, 

(8.3.16) 1Q n = 2 (“) J -*( 1Vi) (Ua I r s(,1 - i) . 


• p fe m(n ' 1) ’ P ' kS(n ' 1) ’ k ’ X \x,r,s,m) e 1 , 

which for x = 0, reduces to Shrivastava on- 
Again we see that, 

e 3 p (a,p,k, X )( x , r ,s,m) = 2 (j ) {e^ 1 x~ a ( l-kx r r P//k } 


. { e wi x a+mn (1 -kx r ) 


:+ sn 


= 2 (?) x~ a (l-kx r r^/ k p(-a,“P» k , X \x,r,0,0) 


>;x a-im (1 _ kx r -,1" ls P (a-xm,p-iks,k, x )( x>r>s>m ) 


which on using (8.3. 8) yields, 


= 2 (?)P^ , ^ ,k, X \x,r,0,0)'2} ;L P^ a ^ ,k, ^(x,r,s,m). 
i =0 1 3 “ 1 
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Thus suggests an inverse r 


elation to (8.3.16) as, 


3 _ l (?) P (-«.-§>*» X )( x ,r,0,0) fj 1 . 


(8.3.17) 6 (^ ) 


This can oe 


verified by met hod of indue cion also, 


It can easily be seen that, 

e t ^ ) f(x) = £ |r S ) 3 f (x)> 

3=0 3 ' 

which with the help of (8.3.16) gives 

. j $i I ( p )x -K3-i) (1 . kx r )-^3-i ) 

j=0 3 - 1=0 1 


= (a-U-i)m.P- k s(3-i)i k i x \ x ,r,s,m).0 :L f (x) 

•^3-i 


= e 4 x - m 3(i-*x ir r SJ 

3=0 3 * 

oo x i 

p (a-mD,p-ksD,k, r s m ). £ f(x) 

* E 3 i=0 x * 

_ l £ x -“5(i-k X r r s3 P^- ffi3,p - 1,:s3 ’fi, X r,s,T I i) 

_ 3=o j! 3 

. f { £ }• 

|3l-(x-l)tx x - 1 3 1/ ’''' 1 
= x -“(l-hK r r P/k e tS • 


t i-S3 


oo , jL x 

t QZ 


. f { 


Cl - (x-l)tx x - 1 l 1A 
= J -« (l-ta r )-p/ t . < 


[l-ll-ljt/’ 1 ] 


x-l -t l/^-l 
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= S Si X -“ + “3 (1 . fa ^‘^ + 33 . 9 * + ;i c 

3=0 ^ i l- 

x a+m ( 1-1^ $ + 311 3 

= X " a (l-tx 5 ')^/ 111 e fe m (l-kx r ) s e^aj^rjP/fc _ 

. p£ a,P,k ’ X) (x,r,s,m) 

= x~ a (l-kx r r£/ k . { 2 

C l-(x-l)tx m ( l-fcx r ) S X X ” 1 3 1 / X “ 1 

. {l-k( — — — ) r }P/ k 

z l-(x-l)tx m (l-kx r ) s x^ 1 ]] V*- 1 


p ( oc f p $ X ) / _ 

® £ n v 


X 


z l-(x-l)tx m ( l-kx r fx X ~ 1 2 1 / X ” 1 


Thus we obtain, 

(8.3.20) z Tr 

j=0 J ’ J 


= < 1 

Cl-(X-l)tx m (l-ta r ) 3 

r . . r / 1 \r,6/k 

‘ :i-(x-i)tx“d-^)V :i 3Vx-i 

% p(oc s k f x ) ■ , 

Z l-C x-l)tx m ( l-kx r ) s x X “ 1 H 1//x “ 1 

This generating function reduces to (8.3.13) for n = 0 
and Similarly we have, 



,s,m)). 


s,m) . 
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(8.3.21) P^- mn+ ( 1 ~^ 11 »P- ksn > k » *)(x,r,s,m) . 


n=u 


. (• 


x m - 1+X (l-kx r ) s 
r. 


n 


= { 1 — ( 1 — x) t } 

p (& j ^ 

♦ X V 


o-(l-x) Wa t [l-(l-i)‘] 1 '' ! pA • 

* } 

l-tx r 


X 


,r , s,m) • 


Cl-(X-l)t3 1 / X “ 1 
This generating function reduces to (8.2.13) for v = 0. 

8 .4 RECUKRBHGB RELATIONS 

Consider , 

9* rx a (l-kx r )P/ k P^ a ^ ,k} X \x,r ,s,m)3 

8 

- + sn 


a. 


= 9 l+n [/“(l-b 1 ) 
which on using (8.1.11) yields 

(8.4.1) e* [> a (l-tec r )^/ k ,k> X \x,r ,s,m)3 

B-ksg, 

= x a ” m& (l-l2c r ) k p (a-ms,,p-ks£,k, x)( x>r jS> m). 

By making use of the operational relations (8.4.1) may he put 
in an alternate form as, 

0* Cx oc (l-kx r # //k p( a >£’ k > X \x,r,s,m)3 


a 


x 


( l-k/ )P/ k Ce + “ xX_1 - 


r+x-i 


2 l • 

l-kx* 

4 p(a,p ,k, x )( X) r ,s,m). 
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Thus with the help of (8.4.1), we obtain 

(8.4.2) £e + ocx*” 1 - X \x,r,s,m) 


1-lac' 


(l-lac r )“ Si p(a-^u,p-ks 2 .,h, ^)( x?r>Stm ) i 


Put z = 1, in (8.4.2) we get a recurrence relation 


(8.4.3) 


p (a-m,p-ks,k, *)( Xjr>Sjm ) 


x m (l-kx r ) s . 


. []x x D + ax*” 1 - — r””3 • 

1-kx 


. Pi a ’^ ,k ’ *\x,r,s,m). 


8.5 BILATERAL GENERATING FUNCTIONS 


In this section we prove the following theorems by 

applying the equations (8.3.20) and (8.3.21). 

00 / v r\ 

T heorem 1 ; IfP(x,t) = E a n p(a-nm,p-ksn,k, *)( x?r , s , m ) 


where are arbitrary constants, then 

r ___ 1 {l-lnr r }“P/ k 

C l-(x-l)tx m ( l-kx r ) s x*” 1 2 1 /*” 1 


{l~kx r (- 


Cl-(x-l)tx m (l-lac r ) S X^ 1 ] 1 /*” 1 


■ ) r >eA . 


j” l-( x-1 )tx m ( l-kx r ) s X x “ 1 ] l/ x -l 


Ai 


yid- 
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yt(l-kx r ) s {[2 l-(x-l)tx m (l-lac r ) s x x “ 1 3 1 / X ” 1 > m 

’ ' { , i ,/ ( . 1 f , s 

Cl-(x-l)tx m (l-kx r ) s x^V^-l 

(8.5.2) =J_ q B («— ,P-ta»,k.») (x>r , B , B) .^(y) *. , 

where 

n n 

(8.5.3) o (y) - 2 Q a„ y y . 

y=0 p 

To prove, we substitute series expansion (8.5,3) of ° n (y) on 
R.H.S. of (8.5.2) and we obtain, 

r a y.'V E p(«-(w- v)m,p-ks(»v),k, X), m \ . 

On summing the inner series with the help of (8.3.20) and then 
interpreting the expression with the help of (8.5.1), we get the 
result immediately. 


Theorem 2 - If 


(8.5.4) 0(„t) = L. Sp . pU--U-*KP-to“. i .')( I , I , s ,,) . 


n=0 


* ( m- 


X 


: m - 1+x (l-ta r ) s 


f. 


-r 


where are arbitrary constants, then 

ci_ 

(8.5.5) {1-(1- X)t> . { ~ } 


1-kx 


. G f £ U-to^U- 

L {l-(l-x)t) 1 /'- 1 x _r 

- (1- x)t) 1_ *} -s ^ 
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Hr 4“' imV(1 " X)n ’ p - kSn ’ k ’ X) (x,r >s ,m) . 


11=0 


• °zSy> (— sr 


;)t 


*. ( l-kx r ) s 

where c n (y) are givehby (8.5.3). 

To prove this, we substitute the series expansion (8.5.3) of 
° n (y ) on the R.H.S. of (8,5.3) we get, 


OO T ■ n . 

(a-niH-l-Mi.p-ksn.lc, X) ( )( t 

~ n v } m „p + \ 


f . 


n=0 


X m ~ 1+X ( 1— kx’ 1 ’ ) 


£ \S 


1 n n 

. I_ I ( n ) a y 

nS A v y' \i J 
y= 0 


M 


= £ 


avv 


t v 


y=0 yl ( X m ~ 1+X (l-kx r ) S ) V * 

£ pCo^^C 13 ^ v ) + ( 1“ x )( n+ w),p-hs(n+- y),k, X )( x>rj s> m) 


n=0 


n+y 


/ t xn _l_ 

• ^m-l+X (1 l fa r )S -' • at * 

which with the help of (8,3.20) yields, 


I x)t)-™“ +X ' , -"-( 1 - 4 . 

i=0 y! ( x m ~ 1+x (1-kx ) ) v 

- r 
1-x 


. { 


l-hx r Z l-( x ) t 3 1 “ X } i - S y 


1-kx 


p (a-m v -xv+p,p-lcsw,lc, x), x — — ,r . s ) 

‘ 11 {l-Cl-xH} 1 / 1 - 1 
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-r 


{ l-( 1- x)t;}“ a “*' 1 “ x ' 


l-kx r [>(l- x)tl 1 “ x 


1-kx 


. I 

lt=; 0 


3 yryt{i-(i-x)t} m+x - 1 


lPA 


-r —i Ti 

X=x 


% {1-kx ( l-( 1- X )t ) A } 


r (a-my-Xyf y,p-ksu,k, x)/ x r s m) 

“ Ci-d-xHn 1 /^ ’ ’ ’ 


Now on interpreting it with the help of (8.5.9) we have, 


-a-a-x) p A 

• 1 J * 


= (1~(1~ x)t> 


♦ & 


l~kx 


x 


{1— ( 1— x)t } 


„+• r l-(i- x)t ,m-i+x 
yjt : I’ yt { — Ar”" } 


. {i-kx r (i~(i-x)tr~ x }‘ 


r _ 


which is the required expression. 


Hence the theorem is verified. 
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CHAPTER - IX 


UNIEIED PRESENTATION OP CLASSICAL POLINOMIALS-III 
* ' EXPENDED RODRlC-UE * S KMTOTXTOlTTIDTilT PbL’&iOMlALS" 


9 .1 INTRO LUC TION 

Eollowing Pujiwara [[ 2 3 in an attempt to unify classical 
orthogonal polynomials vis. Laguerre, Hermite, Jacobi etc., 

C handel-Agr awal £ had extended the Rodrigue's formula of 
Jacobi polynomials in the following form 


(9.1.1) 


i a,P) (x;p,q,r, S ,c,a) = i2 r +°r a (^ . S JriJ l! 

n 2 nl 


D n [; (x r +c) Ii P +a (x s +a) ntl+p 3 • 


Then in view of generalized Rodrigue's formula 

(9.1.2) pj x) = kibo D x { E XCx) 3 nw(x)1 

and defined by the relation 

(9.1.3) 4 X) (*> ° 7 % n> 71 ' (3)1 

n [X(x)J w(x) 

where X(x) is a polynomial in x of degree <,2. 

The purpose of the present chapter is to study a more 

(a,P ja^jag, . ,a n ) 

generalized sequence of functions , 

(x;A,B,C,D;r,s; y»6) } defined by the relation, 


iOX 


(9.1.4) E^ K ’P’ a l’ a 2’*"> a n ) (x;A > B,G,il;r, S ;- f ,e) 

= (Ax r +B) , “ a (Cx S +D)^ 

_n , 

2 n! 


*11 s'). £ (Ax r +BJ Yn+a (Gx S +D) en+ ^ J 

i=l 1 

a.. 

where *’s)^ = x 1 D and a s j3 ,a^,a g , . .. ,a n , A,3,C,D,r,s, Y 
and e are constants. In particular (9.1.4) reduces to 
the polynomials such as Tchebichef polynomials of first and 
second land, the Jacobi, Legendre, Laguerre and Gagenbauer 
polynomials. 


How we mention below some well known operational relations 
n 

for the operator n a) which shall be of help in our study. 

r=l r 

They are, 


(9.1.5) 


n 


n jQ r x 

r=l r 


a 


(vs i \ a+a.,+a 0 +. . 

{a} (n - 1,a n-l ) x 1 8 ^ 


where (ex) 1 ^ = a(a+a^—l) ((x+a^+ag - ^^ . • •(ft+aj+ag+. 

n n a -1 . 

( 9 . 1 . 6 ) n (x a f ) = x a n (ax r + J) ) f 

r=l " x r=l 

(9.1.7) n I) (e s(x) f) = e g(x) n ( D + x r g r 00) f 

xssi’ r r=l 

xi n 

(9.1.8) n s) r (w) = z ( ...s)x k+1 u) 

r=l r te=0 

® X^***^ s) Xq V) 


where s)x k stands for either of s) and s_)x =1. 

9.2 DIFFERS! II AG HBOUBREHGE RELAIIOES 
From (9.1.4) we have 

_ ( a »§ » a -i » • • • ) 

s) wl P n (xj AjBjG )D| r 5 s? y>G ) 

= ^i ^ ±s) P° A ^ 


•“ D. C(Ax r + B) ra+ “(Cx S + D) en+ (h} 

r=l 1 

a n+ 1 D . Ux r +B)" g (Gx s -fD)^ 

2 n n! 

•n £). £ (Ax+B) " 1frl *" a ( Gx S +D )® n+ P j } . 
r=l * 1 

JVl .alrx^ 1 6Gsx s ‘~ 1 \ 

***X V 1 W a ' ^ 

Ax+B cx +D 


.P 


(a « »3* n ) 


n 


(x > A j B ,o,D; r , s; Y ,G ) 


(Ax r +B )~ a (Gx S +D)^ ^n 1 ^ 
2 n ni Ui ^ 

•£ Ax r +B) Yn+a (Gx S +D) 0nf ^ 3 , 


which with the help of simple manipulations and adjustments 
in the powers, yields to 


a n+l /aArx r ” 1 


s-1 


{ 3„i + x " ri — + ^ — 5 


Ax r +B 


cx+D 
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2 ( xi+ 1 ) 


_( Ax r +B) Y (Gx S +L ) 6 


.P 


( a “*'Y »P—S »a. a^, . . « j a n+ j_) 


n+1 


(x?A,B,C ,13 


Let us denote 


a ru _ 1 aArx r ’* 1 pcsx s ~^ 

C)n4.1 + X ("~ + ) = ^ru. i • 


Ax r + B Gx S + n' ’ n+1 


Hence we have 


( 9 . 2 . 1 .) 


(a,p » a^, • . . ja^) 


n 


(x?A,3,C,Djr ,s;Y,e) 


ifext , 


. 2(n+l) 


|“ (Ax r +p) Y (Cx^B) 6 ! 1 
(a- Y, p-0 , a 1 , . . . , a^ + ± ) ( x; A jB jC . r y 


.P 


n+1 


(a,p ,a 1 , . jaj.) 

V*-Vl P n (x;A,B,G,D;r,s;y,e) 


a^g {(Aj r +B)- T (Ox S +D) -e . 2(lH-l) 
( cc~ Y, p -G , a^» • • • , a^^ 


.P 


n+1 


(xjAjBjG , Dj n j s , 


= {x 


a n+2- Dl ^^B^ gArx 32 "* 1 + g£sxf^)> 


'iix r + B cx s + D 


( Ax~ C +B )~* a (Gx S +D)^ 13+1 


2 n .nl 


(Ax r +B) 713+06 (Cx s +B) 


H Di 
i=l x 


GlH-p 


,r ,s?y , 8 ) 


Sj Y ,6 ) 


y,g) > 
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a^g +ajirx r ~^ pCsx S ”^ 
-x (-— -+ — ) 


Ax r +B Cx S + D 


V D C Ux r + B 


o n . 

2 . n> 


r=l 


.s.^ Gn+ £~i . (ibc r +B)~ a (Cx s +D 


(Cx b +i)) n + 


2 n ni 


rn-2 


D, C (A^+B) Y ” Kt (Cx s +B) ew l i 3 


i=l 


a »g ^ccArx 1-1 . 

+ x l—F— * - a 


Ax +B Cx +D 


8^) (^g^>. 


. (cAar l “J 1 g. iitAxW^oxW 1 ^:] 

Xi> • * 


i=l 


(Ax^Bl^iOx^B)^ "J 2 0. 


2 n n! 


i=l 


- i 


tAx r + B)™- a (Ox S + D) eiH ^ . 


Thus we have 


a 0 n , p( a »P» a l»***’ a n ) (x?A,B,C,D;r,s;ir,0) 
n+2 n+1 n 


r.^- 2 Y 


= 2 2 (n+ 2 )(n+l)(Ax r +B) 


(oc-2Y jp.— 2S >a^> . . j a n+ 2 ) 


(Cx^)" 2 ^"' ■— 1 '— -™tx ) A,B,O t B,P.B ! Y,e).i 


Thus the m times repetition will lead us to the operational 
formula. 


,<■1 


NL1 
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( 9 « 2 « 2 ) 


n p(a>P > a l> • • * a n^( X ; ;A,B,C,D,r ,ssy,G ) 

, - n+-k n 

JL 


igfffiii. ncAx^Br^cx^D)- 6 !® . 

(a-Tm,p^e,a 1 ,...^ x;A>B)CjD;r)S . Yse)i 

’ZH-m 


Further with the help of (9*1*7) we obtain, 

(9.2.3) n Pl[ (^B)-(^)^ Cl 

i=l 

= (Ax r +B)' nM ‘ a (Cx S + D) e “' p .1 <S> 


I \ 2?*“ 1 / ~ \ rt S" 8 * 1 

* , (Yn+a )Arx — + 


Hr X (, v ^ ■ V* 

Ax r +B 


i=l 

SL 

s, 


ie,^)0sx!z: )>£ . 

Cx S +D 


By using equation (9*1*8) we have, 

s). t (Ax r +B) Yn+a (Cx S +D) Gn+ ^ O 


n 

n 

1=1 


jua^-Sx^ 






where s) x - 1 


o 


n n-h r ,y(n-k)+a+Yh 

- stn sV (Ax +B) 

155=0 t=l X t+k 


.(0x 3 +B) e(n ' k)+?+6lC > { Sx k "‘ 3:) Xl £) ^o f> ’ 


which wtth the help of (9.1.4) yields 
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n 


(9.2.4) = Z 2 n ~ l£ (n-.k)!(Ax r +B) a+Yk (Cx S +I>)^ +ek 

fc=0 


•P 


(a+Yk,p+ek,a. >...,a ) 

A k+1 x n 

n-k 


(x?A,B,G,i);r,S|Y,G) 


• (Ox >•••> 0, * O , ^ ) • 


^q’ x o 


Thus the equivalence of equations (9.2.3) and. (9.2.4) yields 

(9.2.5) n { a). +x &i f 
i=l 1 Ax +B cx +D 


(Ax r +B) Y (Cx S +B) e 


n n n-k 

Z 2 U *(n-k)l 

k=0 


(Ax r +B) Yk (Cx S +D) Gk 


(cc+Yk,p+Gk, a. ?•••>&. ) 
x k+l Ar > 


n-k 


^(x;A,B,C,B,r,s; y,G ) 


.(©, ...D, 0 f )- 

> x k x l x o 


9 .3 RESULTS 01 SUMMATION 


letting f=l in (9.2.5), we have 


(9.3.1) “ tevA (Vn ^ f: - - -^±1^—)) .1 


i=l 


Ax r +B 


Cx S +D 


liAx r +B) Y (Gx S +B) I; 

(a , p , a ^ , . • . , a^ ) 


2 n n! 


.P 


n 


n 


(x; A,B,G jDj r ,s; Y,G ) 
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When f = x , (9.2.5) yields, 


(9.5.2) n { sj +x + IglvhJ . VU S )} x r 

i=l Ax +B Cx S +D 


L(^ r +i3) Y (0x S +D) e J te=0 


n n 


2 2 n “ k (n-k)! 


(Ax r + B) Yk (Cx S + D) ek 

(a+yk,p+ek,a x , ...a x ) 

.P n-k k+1 n (x;A,B,C,D;r,s; Y ,e) 


{k— l,a } a +a +...+a_ +r— k 


.(*) 


x K-l x k x k-l 

■ A 


If f = x s , we get, 


(9.3.3) n { g). +x a i ( ir£ak£S— ; l sntflq . sx . l l), x s 

1=1 1 Ax+B Cx+D 


r-1 : 


S-* 1 


n 


j_(ilx r +B) Y (Cx S +3))tl fc=° 


n 


2 2 n “ k ( n-k)l ( Ax r +B ) Yi£ (Cx s +D )' 




•P 


(a+Yk,p+Gk,a x * ♦ a x ) 


n-k 


k+1 n (x5A,B,C,D?r,Sji y»G ) 


(fcl.a,,. ) a.,+a.,_ + ...+a,«-s 


.(s J 


^.i % x k-i 

X 


Now if f = (Ax r +B), we have, 


n 


(9.3 *4) H 
1=1 

= n! 


, si. + x a l(Xllit«lArxfli + ien+|)Csxfli^ } (j^+b) 
1 Cx+D 


Ax +B 


L. 

J? 


( Ax r +B ) Y (Cx S +D) fc 
(a+l»P »a^j » a n 


n 


(Ax r +B) . 


(x?A,B,C,D;r ,s?Y,e). 
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And if f = Cx s +D, we have 

( 9 . 3 . 5 ) n {s^.+x + ) } (Ox S +D) 

X =1 1 Ax +B Gx S +D 


n! 


£ 


n 


(Ax r +B) Y (Cx S +D) S J 

(cx »p+l» , • . . , a n ) 
n 


(Gx S +B) . 


(XjAjBjGjDj r, sj Y ,G ) • 


( 9 . 3 . 1 ) and ( 9 . 3 . 4 ) would yield 


„ (oc+l»p >a 1 , . . . ,a ) 

( 9 . 3 . 6 ) {(Ax+B)P n (x;A,B,G,D;r,S 5 Y »G) 


-BP 


(a,p >a^, • • • » a x n ) 


n 


_( Ax r + B ) Y ( Gx S +'d)^ 


(x; A,B,C,D 5 r , s; Y,G ) } nl 
n n a. 

= n i€)i + x 1 
i=l 1 


.(ix aaAtel! . + iestEiSaH)} ^ , 

Ax+B Ox +D 


( 9 . 3 . 6 ) with the help of ( 9 , 3 , 2 ) gives us, 


n! 


in 


(Ax r +B) Y (Cx s +D)ti 

(a+l,p,a^,... , a^) 
*P n 


C (Ax r +B) 


(x;A,B,C,Djr,s; Y,G) 


» a X 1 »***» a X r ,) / s-i 

~BP„ 1 11 (x;A,B,C,D;r,S|Y »G ) J 


n 


(AxWIcAd ) 6 


“ “ 8 n - k (n-^!C^ r +B) Yk 

lc=0 ^ 
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s. ,, Bk 


.(Gx +D )° P 


(oc+Y k,p+6k, 3, ^ j < • >3^ 


n 


n-k 


(x;A,B,C,D;r,s?Y >6 ) 


a , . + a. + • . .+a, +r— k 


/v i Q \ a, t-a 

.(r)' ’\l s * *-1 


Thus we obtain, 


(9.3.7) (Ax +B) P n 


(a+l»p , a 1 , . . . , a ) 

' ~ 1 21 (x?A,B,G,D;r,s;Y,e) 


(oc ,p , a ^ )•••> 3-^ ) 


-BP. 


n 


n (xj A,B,C,D;r ,s;y »G ) 


n 


2 2 Iwk (n-k)S(Ax r +B) ,it (Cx a +I )) 1 


r. *>\ Y k/„ s.^ek 


E n n! k=0 

(cx4"T k f * * • f Ssy^ ) 

•£_ k k+1 n (x;A,B,C,D;r, S ;'r,e) 

{k— X$a } +a- + +r-k 

, . \-i x k \-i l 

• (X) x R 


(9.3.1) and (9.3.5) would yield 

(a ,p+l,a^ , . . • »a^ ) 

(9,3.8) {(Gx S +D)P 


m 


n 


(x?A,B,C,D;r,s;Y,G) 


-D P 


(a,G ,a x > . . . »a. ) 

X 1 (x; A,B,C,D; r ,s; y , 6 ) > . 

n 


*nl 


(Ax r +B) Y (Cx S +D) G J i=l 


n n 


i { sL+* Arx r ' 


r-1 


Ax +B 


jesiP jasfli )} cx s 


Gx S +B 


( 9 . 3 . 8 ) with the help of ( 9 . 3 . 3 ) gives 


n! 


L (Ax r +B) Y (Cx S +D) e 
(t- Jjv+l,a i } « * » >8^) 


n 


c (Ox S +E>) 


n 


(x; A,3,C,D;r ,s; y»G ) 


( oi t p » a , • • • , a . ) 


-3) P. 


n 


n 


(x?A,B,C,P,r,s,Y,e)H 


= G 


L (Ax +B) y (Cx S +D) 


n n n V 

2 2 n “^ (n-k) l 

k=0 


(Ax r +B) Yk (Cx S +D) GlC 


(a+Yk,B+ek,a. , • « • , a . ) 

A k+1 n 


^n-k 
.( s) 


(xj AjB,C ,D;r , s; y »G ) 


/, \ a + a + .*.+a +s-k 

( ’Vi v v x- 1 1 


Thus we obtain, 


(9.3.9) (Cx +D) P n 


(a»p+l»a - 1 • • • $ a ) 

•“ f-v 


(a jp ,a^ t • • * » a ^ ) 


-D P 


n 


(x; A,B,C,3);r,s; y»G ) 

21 (x; A, BjGjPj r , s;Y ,8 ) 


0 ? „n-k/ ,n./. r „x Y k /r,__s.^\6k 


2 n n! k=0 

(a+^k,p+ek,a^ >••• > a^ ) 

P , k+1 n ( X5 A,B,C,I>;r,s;Y,e) 

• n-k 


2 2 n '" iC (n-k)S (Ax +B) (Cx +D) 
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Again from the equation ( 9 . 1.4) we have, 

(cc+v ,p+6 , a.. , * • . , a ) 

P n an ( x;Aj B,c,D;r,s?Y,e ) 

(.ix r +B) -a - v (Ox S +B)'P ' 6 
s“ n! 

1 £L Z (Ax r + B) YlW -“ +V (C xW n+ e +6 3 , 
i=l 1 

which with the help of (9.1.8) gives 

_ (Ax r +Br 1> '*' (Cx S +Il )~^~ 6 J p ° --1 

2 n n! fc=0 3 =te .£ X i 

{ (CxW ( “- k)+6 > 

& Is) {(Ax r + B) Yk+a (0x S + i))S k+ P}3 
i=l “ x i 


= (ibr r + B )‘* a ** v ( Cx s + P s T n 

2 n n! i=0 * x i 

(ax^bj^ccx^b) 6 ^}::^ © v 

t=l A t4-k 

(0x S + B) 6(n - k)+6 )3 


• n 
= I 
k=0 


(a ,p ,a x j • • • > a x ■ ) 

P k 0 n (xjA,B,0,D;r,s; Y»S ) 


.P 


(v ,6, a. 
n-k 


*k+l 


, . • . , a. ) 


31 (x;A,B,C,P;r,s;Y,e). 
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Thus we ha^e 


(9.3.10) 


(oc+v ,p+6 >a,H j . j a ) 

E n ' n (x5A,B,0,Djr,s;Y,e ) 

n (cc jP , ♦ ,a ) 

= 2 P 0 n (x;A,B,0,D;r,sjY,e) 

fc=0 * 


j 6 ^ a.^ t ® ® @ 9^^ ) 

^n-k k+1 n (xjA,B,G,D;r,s ? Y,e) 
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CHAPTER - X 


OH G-ENSRALIZBD BBRNOWLLI NUMBERS AND POLYNOMIALS 


10.1 INTRODUCTION 


-he Bernoulli numbers and polynomials are defined as 


( 10 . 1 . 1 ) 


* = I B. * 


eM rio rl 


te 


■fern 00 


uc.i.s) ffci - ?r 

where B r are Bernoulli numbers and B (x) are Bernoulli 
polynomials. 

Shrivastava no generalized these numbers and 
polynomials in the following manner, 


(10.1.3) 


(10.1.4) 


W 

(1-kt) 

t( 1-kt )" x / k 
( 1-kt 


s _ B r^ F* 

r=0 r I * 


Z B (x»k) p- 
r=Q r 


Which are further generalized by Shrivastava £ 3^] as 'below, 


(10.1.5) 


t n ( 1-kt r x / k r ? (n), , M £ 

CaSr 5 ^ “ v=o B * (x/k) 


( 10 . 1 . 6 ) 


B<, n \o/k) = B^'(k). 


(n). 


We 


intend to derive the various properties of (10.1.5) 


DU 


and (l0.1,6) in this chapter. 
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10.2 HEBITOULLI POLYNOMIALS 

putting x+y for x in (10,1,5) we have, 


oo 

2 3 

0=0 


* (X+yA) V “ - C ilP^7Vgn 


= (l-kt) _x / k £ -C- B( n, (yA) 


v =0 


oo oo 
= 22 

v=0 r =0 vJr! 


BV^y/ k) (x) (k,r) t Wv 


= 2 2 

v=0 r=0 (v-r)i 


Equating coefficients of f , we have 


B ill (yA) f T )Ck,r) 

\ . rt 


( 10 


.2.1) BV\ x+ y/k)= l /*’ T) 0 B^(yA) 

v r=0 


putting y=0, we get 

(10.2.2) B V>(y/k) = l O k (k ’ r) B v i^ } (k). 

r=u 

In (10.1.5) replacing n by n+m and x by x+y, 
we have 

t"- m ( l-kt riilif = Z Z B V +m )(x+y/k) 

cu - wr ^- a ”® v =° ^ v 


or 
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l J) |r 


00 . r 


v=r 


r=0 


= S 7T B^ nfm \x+y/k), 
v=0 ‘ 


1 hus we nave 


( 10,2-3) lo r!o tx/k) B r n) (yA) ^rFJT 


- i £ b<“-° W/*) . 

v=0 

Equating coefficients of t v on both sides, we obtain 

(10.2.4) Z — (x/k) B^ n) (y/k) 

r=0 ( v-r )! rl v “ r r 

= b^Wa). 

Hence symbolically we can express it as, 

CB (m) (x/)£)+B (n )(y/j !: )y = BA +m) (x+y/k). 

Replacing r by p, y by x, x by y and putting m=0 
in (10.2.4)* we have 

(10.2.5) Z V G (y/k)B^ n ' ) (x/k) = B^ n \x+y/k). 

p=0 P v -p p 

Writing n=l, m=n-l in (10.2.3), we have 
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CO V 


v=0 r^O I*-r)!rT B fe 1) ( x A)B^ 1 J (y/k) 

= v =o vT B l n ^yA) • 

low equating coefficients of t v , we get 

(10.2.6; B^ n) (x+y/k) = Q B^tx/kjB^ty/k). 

Putting y=0, we have, 

(10.2.7) B< n) (Vk) » S ( !) B^V) B^IW. 


Now let x=n-x in (10,1,5) we have 


lr ^“WA) = 


v=0 


t n d~htr^ n - x V k 

£ (l-ktp 7 ^^ 

_ t n (i-kt) x A 
C l-( 1-ktW 1 ^ 

_ (~t) n {i--(-k) (^t)r x/ ( ~ k} 
Z { i-( -kX-t ) } -V r (-^)„g n 

__ £iztH B (n) (xAk} . 


Therefore we have,. 


s_ lr B l n Wa) = s_ BV\x/-k) . 


v=0 


v=0 


v l 


Equating the coefficients of t v t we have the result known 
as complimentary argument theorem, as, 
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(10.2.8) B^Cn-x) = (~1) V B^ 11 ^ (x/-k). 

Let Af(x) = f(x+l) - f ( x ) • 

Then from (10.1.5), we obtain, 


o° v 

2 -v aB 
v! v 

v=o 


(n), /lc) _ t n ( 1-kt r^A t n d-irtr x / k 

v u/ ~ i d-M)- 17 ^ " cu-ttr^-g" 

= — _ i (i-ktr^.g 

£ ( i-tt )“ V*_g n u J 


= t £;Li=ar x/k 

£ (l-kt)' 


= * s.i B^-n (x/ k) . 

v=U 

Equating coefficients of t v , we have, 

(10.2.9) AB^^x/k) = vB^ 1 ^(x/k) . 

Repetition of a, n times yields, 

(10.2.10) A n B^ n \x/k) = v(v-l) . . .(v-n+1) B^(x/k) , 

(10.2.10) can be rewritten as, 

(10.2.H) A 11 B^ n \x/k) = v(v-l)...(v~n+l) x ( * 

It is easily seen that, j 

. '■ ‘ : -■ ■! ■■■■■ ' . ; - - ' ■ If J 

* ■■■■■ .... 

., L;':.-. ■ ■■'■'/.■■■■ ,-v it-.;::... t 

■ ■■■-: : r-.l 1 .;. v ; .. V. L. 'I l ; - l. ; : ■■ '■ : : ;j 
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(10.2.12) B^^x+l/k) = B^(x/k) + vB^^Cx/k). 
Putting x=0 in (10.2.12) we have, 

(10.2.13) B$, n) (l/k) = B^ n) (k) + vB^ 1 f(k). 

Now differentiating (10.1.5) w.r.t. ’ t ! and then 
multiplying by t, we have, 


2 

V=1 


t v 

F^TT 


B^(x/k) = n 



B ( v n) ( X A) 


+ xt £ 7 T B^ n \x+k/k) 
v=0 ’ 

-n 2 | r B^ n+1 \x+k+l)/k). 
v=0 * 


Equating the coefficients of t^ we have 

(10.2.14) vB^ v n \x/k) = n B^ n \x) + xv B^| (x+k/k) 

- n B^ rw ' 1 ^(x+k+l/k). 

Since from (10.2.12), we have, 

B^^x+l/k) = B^ v n+1 \x/k)+ vB^(x/k), 

(10.2.14) yields, 

vB^ n) (x/k) = n B$ n) (x/k) + xvB ( ^(x+V k ) 

-n B^ n+ 1 \x+k/k)-n v B^ n ](xfk/k). 

+»B ( n \x/k) 
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Thus we, have, 


(10.2.15) B^^x+k/k) = (1- -) B^ 


(x/k) 


n v 

+ v(| -1) 3^(x+k/k), 


10.3 BBPlBOFIiLI numbers 

Putting x=0 in (10.1,5) we get generating relation for 
B^ n) (k) as , 


(10.3.1) 


ja 


oo . v 


z v =0 '>'• 


£ zr 4 n) (. k ) 


where y (k) is generali z ed Bernoulli number of order n 
and degree v. 

How from (10.3,1), 


t n £ (l-ktr 1 /^-.!] n = ( - 1 ) n t n [l- ( 1-kt y 1 / 1 ^' 


-n 


(_t) n 2 L=E1L=B~1Lli *-n-r+l) 

r=0 r! 

. {(i-ktr 1 /* > r 

(-t) n 2 (-l) r (n)(:m-l).. .(n+r-l) 

r=0 r ’* 

. $ ( _ kt) v 

v=0 • v! 

= 33 („i) n+r ( n )( n+ 1 ) . . . (n*r-l ) 


v=0 r=0 


r(r+k)...(r+(v-r)k-»£) t n+v-r 
(v-r)! 
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Thus we have , 

CO \J 

(10.3.2) 2 ir i3^ n \k) 

v=0 vl v 


2 2 (-l) n+r (n) ( r )(k,v-r) # 

v=0 r=0 


t n+v~r 
(v-r ) l r i 

Equating coefficients of t n+v ” r , we have 


(10.3.3) 


B 


(n) 

v+n-r 


w 


l (-l) n+r (n) r (r)^* v - r l 
r=0 r 



« 


Putting n = r in (10.3.3) we have, 

(10.3.4) B^ r) (k) = 2 (r) (r)( k ’ v - r ) (£). 

r=0 r 

10.4 BERNOULLI POLYNOMIALS OP ORDER 1 

Putting n = 1 in (10.2.2), we have, 

CO 

(10.4.1) B (x/k) = 2 C) x (k ’ r) B (k), 

v r =0 x 

where B (x/k) is the Bernoulli polynomials of order 1* 
Writing (1-x) for x in (10.1.5) when n = 1, we have, 


t ( 1-kt )“( 1 “ x 

cTirictr 1 ^ - 12 


00 o-V 

1 77T B (1-x/k), 
v=0 v ' v 


(_t) lf^±l = z if B (l-x/k) 

c /l -in v=o v! v 


Thus we obtain, on equating coefficients of t , 
(10.4.2) (~1) V B v (x/k) = B v (l~x/k) . 
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If v = 2k, (10.4.2) yields 
(10.4.3) Bo lc (x/k) = Bg k ( 1-x/k } . 
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0MP1EB. - XI 


01 GEHERililZBD EIILERIAN NUMBERS AND POLYNOMIALS 

11.1 INTRODUCTION 

The Euler ian Numbers and. polynomials are defined 

L ill as » 

l-x _ 


( 11 . 1 . 1 ) 


( 11 . 1 . 2 ) 


cc t r 


„ Z ¥ xJ 

e - X r=0 


x^ l 


( 1- x)e 
T “ 
e - X 


tx 


I H (x,x) |r ? x t 1 
r=0 r r ' 


where H r ( x) are Euler ian numbers and H r (x,x) are Euler's 
polynomials. These numbers and polynomials have been 
generalized in many new ways. Since we note that, 


(11.1.3) 


Lt (l-kt)” 1 / 11 = 
k- 0 


Shrivastava [] 3] generalized these numbers and 
polynomials in the following manner: 


(11.1.4) 
and 

(11.1.5) 


1-1 


(1-kt) 


-l JT 


= 2 H (X,k) 5 X t 1 


X r=0 


-u/k 


= Z H r (u/X,k) |r ; x t 1 
( 1-kt )"' - X r=0 
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Shrivastava Q 3 ^ also further generalized these numbers 
and polynomials as given below, 


( 11.1.6) 

and 


(1- i) m ( 7 T1 m / /, i.\ x r 

cTiiFTto" = io 41 ( 7 ’ } 51 


(U.1.7) Hjo/x.k) = ^(x,k). 

We study properties of these polynomials and numbers 
in the following section. 


H .2 B'OLBRIAH POLYlOMIiLS 

Letting x - x+y and replacing m by n in (11.1.6), 
we have 

( 1- x) H ( - r H^(U + y)A>*)£ 

£ (i-ktr 1 /^ - x 2 v=o 

00 (k,r) « 00 /»,) +v 

L.H.s. = E - 7 r - t r s_ (y/x,k) ~r 


r=0 


v=o 


00 v 

1 £ ^-VT— 

v=0 r=Q 


V I 


t r hW(,/») . 


Thus we have , 


y l x^ k,r; H (n) ( / tV 

v=0 r=0 r! Hv - r 7/ * } T v -xll 


l H^ n ^(x+y/X,k) *~y . 


v=0 


Eq.ua ting coefficients of t v , we obtain, 
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( 11 . 2 . 1 ) 


4 B) (x+y/x,k) = J o 4r~ Iv-^TT 


; v -r j i v-r 


Putting y=0, we have 


(11.2.2) 


4 n) (x/x,H;) = S — — 7-4rr H 


v v (k,r) 


1 — FiFjrCr^^) 


Let Af( a ) = f(a+h) - f(a). 


Operating A on Loth sides of (11.1,6) we obtain, 

S-& «4°Wx,10 . 

^=0 • £ (1-kt) i ' ~x] n 1 


(i-x) n+ 1 q-kt)- K / k 
C d-wrV k -O n ’ 


which yields, 


(11.2.3) ‘ AHy^x/Xjk) =(>-l)Hj ) n; (x/x,k) 

+ (1-X) H^^x/Xjk). 
Putting x=n-x in (11.1.6) we have, 




°° , V / X 

V j Tj(^0 


n ( i-w > 


-1/k .-in 


V» V 


H^ y (n-x/X,k) 


L.H.S. 


rV-k/'i-.irh r^ k 


’ 1~ x) ( 1-kt Fz. ( 1-kt 

C(i-fctr VJ!: -xb“ ” 


1- x) (1-kt 


>x/“k 


t-i n 


pL- X (l-kt)V^Q 
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( i~ x) n c i-kt r*/- k 

(-x ) n c (i-ktT^TT^ 


( 1- f 1 ) n ( 1- kt )“ x /“ k 


= 2 
v=0 


(-i) v t v 

t 




-k) . 


Thus we have. 


2 

v=0 



H^ n} (n- X /X,k) = 


2 

v=0 


(-1)V 


vl 


^(x/rVk), 


which yields 

(U.2.4) H^(n-x/X,k) = (-1) V H^^x/X"" 1 , -k). 


Putting x?=0 in (11.2.4), we obtain 
(11.2.5) H^ n \n/X,k) = (-1) V 


Replacing n by nm and x=*+y in (11.1.6), we have 

~ ri-x^i-ktr^^ 

v z 0 h<»»Wx.« - - r— 

( i- x) n t i-kt r y/k 

“Cc-^r^a 11 c d-tt)- 17 -3 m 

OO ^ OO jt \ 

= 2 H^ n ^(y/X ,k) 2 H^ mJ U/X,k) ^ * 

f=0 ^=° 


Thus we have, 
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(H .2.6) 


7 £. 


- v , “v (x+y/x,k) = 2 s H (m >(x/ X ,k) 

v=0 v * V =Q r=0 v “ r 


•!4 n) (y/»,k) 


On equating the coefficients ot t 1 ^ we have 

(ll.g.7) 4 n *- m >( x+ y/ x ,k) = 1 (!) H<“tx/X,k) ld n \y/x,k), 

£=0 x v x x 

Writing n=l, m=n-l in (11.2,7) we get, 


(11.2.8) 


4 n) (x+y/x,k) = z (!) H^tx/x.k) ^^y/x.k) 

r=0 


Now putting y=0, we have 


(11.2.9) H^ n) (x/X,k) - 2 (pH^^/^k)^ 1 ^). 


r=0 


Differentiating (12.1,6) w.r.t. *t', we have 

~ t v_1 o-(n)/ . x( 1- x) n ( l-kt) ^ 

(x/x ’ k) " niit -Vhr 


-x-k 
n” 


c (lJrt )-*/*-,□ ■ 

-x-l-k 


r ( i-kt r™, 


“F 


Cd-ktrv^^ 


nn-1 


“ ^ Tr(n) 


x d vT '(x+k/x,k) 


v = 0 


-n/(l-x) £ ~ H (nfl \x+k+l/x,k) 

v=0 v * 


multiplying Tooth sides by * t' we obtain 
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2 X^TT H( v E) ^/ X > k) = Xt 7T H v n) ^ + V X ’ k) 

-n/fl- x)t 2 ~r H tn+1) (x+k+l/x,k) 
v=0 v * 

= x ^ r^TT! H v“i< x+ V x ’ k) 

V-l 

-n/(l-x) ^ x^TJT H ^ 1) ( x+k+1/X ’ k) * 

Equating the coefficients of t v , we get, 

(11.2.10) 4 n) (x/x,h) = x H^(x+Vx,lc)-n/(l-x). 

.H^ 1) (x+k+ 1 /x,k) , 

which is a pure recurrence relation for ^(x/x,k). 

(11.2.10) can also he rewritten as, 

(11.8.11) H^x/X.k) = X H(“\ X+ VX,k) 

H (^n+l)( x+k+ i/ Xyk ), 
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Thus we obtain, 

(11.2.12) H^(x+1/X,k) = S (b(l) (k ’ r> H^ix/x,l:). 


r=0 


EULERIiE LUMBERS 


Put x=0 in (11,1,6) we get a generating function for 


H v n \ x >k) as > 


(11.3.1) 


l±=2l 


n 




l ( l - kt )- 1 /^ 11 v =0 

where EP '(x,k) is generalized Eulerian numbers* 

then n=l, (ll„3.l) reduces to Shrivastava [] 3 , equation (1.8)3 

yi 

Multiplying (11,3.1) by X and then differentiating it w.r*t, 

1 x * we have 


Ql-lt )“ 1//ic _ ^ n n(x - x 2 ) n ~ 1 ( 1-2 x)+ (x- x 2 ) n nQl-kt )“ 1 / k -3 n ~ 1 

(11 . 3 . 2 ) - - 

v=U 

low differentiating (11.3.1) w.r.t. * t * we have, 

(n.3.3) x) ^ 1 - lrtrlA ~ 1 .t)[ 1 - kt £ 1/1 - x 3 n " 1 

£ c i-kt r 1 / - x^ 2n 

_ v H (») ( X k) • 

- v _ 0 v+1 <■ fKJ vi • 

On adding equations (11.3,2) and (11,3,3) we obtain, 
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(11.3.4) S 1 | r |-(X n H( n \x,k)) 


co , V 
2 

v=0 v ‘ v=0 

,n-l 00 .v 


4 H^ n \x f k)+(x n " 1 -x It " 1 kt-1) 

i *-l v=Q v * v 

I & = 0 


V = 0 


v+ 1 v 1 


Equating the coefficients of t v , we get, 


(11.3.5) H^(X,k) + | T (X n H< n) (X,k)) 


nX' 


n-1 


ilx 

■4 n) (x,k)+(x” _1 -l)H^(x,k) - x n-1 kv H< v n) (x,k) 


which can also he rewritten as, 

(11.3.6) ( X n_1 ) H^(X,k) - X D " 1 (kv - ■—) 

•4 n) (x,k) + |x (X n 4 n) (x,k)) = o. 
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CHAPTER - XII 


CEEERl lIZED S1IRLIEG- NUMBERS ARE ASSOCIATED FUNCTIONS 


1 : 2 . 1 Il iTRCEUCTIOM : 

Steffenson £ 10 considered a set of polynomials 

G^ a ^(x) defined by the relation 
n 

(12.1.1) exp (at+-x(l-e i:: ) ) = 2 -Spr G^ a ^ (x) 

i=0 1 * 1 

Toscano £ 11,12 3 had taten as his starting point 


( 12 . 1 . 2 ) 


G^(x) = x-“e x (xD) n Ce" X x“3 


Following Erdelyi Srivastava 3 8 3 obtained a 

generalization of Laguerre polynomials, given by, 


( 12 .1.3) 


(1-u) 


1 • , w 

-V+T exp {w 


(l-u) 


co m / v 

-} = l TT-l^ V ;(w). 

v 0=0"^ m >* 


He had also shown that, 


( 1£*1.4 ) (X) - X n e X (x 1+1 A D ) n 

m,X .(e' x x‘ v+1 ^) 

Chak CO considered a class of polynomials as, 

( 12*1.5) h (k-l) n I^-f 1)/(k -n(x) 

’ n »k-l 


= x -«-“ k + n e^x*])) 11 e-V. 


181 


He also used the following relations, 


(12.1.6) (x k D) n f = x nk - n ) 


and thereby he gave generalizations of Stirling numbers. 

Shrivastava £ 5j| studied a generalization of Humbert 
polynomials. During the course of study, he used the operators 
of the type ( px a Df nx^D ) and for this purpose defined new 
generalized Stirling numbers ( a 0 5 a i» * * * » a fc) as » 


( 12.1.7) 


11 ru-1 . \ 

E n f = E A"I 1 (a 0 ;a 1 ,...»a n ) 


1 ii q+l'- ci o J ^l* ** * * n 

a o+a 1+ ...+ a n-^l 


r 

?here s} = x D and 


n s) = sj) s3 n _ 1 ...s)) 1 and a* s are 
r=l 


parameters. 

Obviously (12.1.7) provides generalizations of the Stirling 
numbers A? y 4 due to Ghak, since for a p _ ••• n 

and a = a (12.1.?) reduces to (12.1.6). 

Shrivastava CO also deflnea a new function 
G ^ a o i0l ’ p) ( x . a n ) in the same paper as, 


(a^>r ,p ) 


(xj a 1 » » * • 


— (a 0 +a^+.« * +a n^ + 


n oic r n — \ / a ° "*P X V 

e px n sXCx e ) 


( 12 . 1 * 8 ) 
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In the present Chapter author provides a further 
generalization of new generalized Stirling numbers as, 


(12.1.9) 


n 

n n f = 

r=l r 


k l + * * * +k n 


„n+l, 


_ 0 5 q+l^ a o’ a i» * * * ^n^l’ 1 ^’ * * * ,k n^ 


where 


.VV-'VrV-i*' •D^(x"* a ° f) 


a k 

n r = x r h r , 


and 


n 
n q 


r=l 


! r = and a’s are parameters. 


Obviously for, k = k g = ... = k r = 1, (12 .1.9) reduces 
to (12.1.7 ). 

These numbers lead us to define a new function 
(a ;r,p) 

T n (x; a^, ... , a^k^, kg , . . . ,k n ) by the following relation 

(a 5 r ) 

( 12 *1 .10 ) T^ (xj a^ , ... ,a n 5 k^,kg , . . . , k^ ) 

-(a 0 +a 1 +...+a n )+k 1 +k 2 +...+k n r 
= x e 

n a r 

n n. (x 0 e~ px ) . . 

3=1 3 

These polynomials happen to be a generalization of many 
known polynomials viz. Hermite, Laguerre, Bessel polynomials, 
generalized Hermite function of Gould-Hopper £43, Srivastava- 
Singh £93, Ghatterjea £ 2£ » generalized Stirling polynomials 
of Singh £7 3 j Chak £ l3 311(1 functions of Shrivastava £d . 
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12 .2 SOLE; RELATIONS FOR a 


We derive below some operational formulae for si 
which are useful in our studies later on. 

They are , 


( 12 . 2 . 1 ) 


■0 - ■ oc4" a.. -“k,. 

n si x u = (? ) ( . 1 x ) . . . 

r _i r v k 1 y v kg 

^ a+ a l + ' ** + a n-l~ k l“’ * * * "" k n- 1 
k n 

oc+ a^+ « « * + • •—k^ 

• x 


) (k 1 )i...(k n _ 1 )i 


where 


id \ _ al 

l k ; “ Xa^Eyncr 

a r a r 

n n jt- -1 r=- -a.. 


(12.2.2) n si ( x a f) = x a n ( ax k r + x k r r si ) f 


a r a r 

-n— — a. K 


r== 2. ^ r = 1 

(12.2.3) V r (eS< X >f) = e S ^ r ! 0 (S ‘ l8 ' (X)tt 
where g'(x) = g(x) 

(12.2.4) 


" " r^" -a 

.kr_, /_\. r o r 


■r *'si ) r f 
r 


dx 


k b m=k.+ . . .+kn b 

n n r p_ 1 n P r 

n fl _ • n - ( n x r D) - n x D 


r=l 


r=l p r =l 


V 1 


where b 


Pi = 


K =°y K = a 


Pk-l 


k l “ ^ ’ 


n 


Also a generalized rule of operation for n SK is given as, 

i=l 

(12.2.5) n sif(z(x)) = 1 (%fk) (|~) k f ( z ) 

D=1 3 


k=0 



n 


. 2 (-l) 3 ( k ) z k “ 3 H Q.(z(x)) 3 . 
3=0 3 3=1 3 


12.3 ?SCI;3^I3S_0P S^J(a 0? a 1 ,...,a n ;k 1 ...k n ) 

Prom equation ( 12 . 2 . 5 ) we have, by putting z(x) 

a a 

f=x 0 I and s) = x °D , 

nan 
a a ( x °Y) = a s) f(x) 
r=l r=0 r 


n 


n s) f(zU)) 


r=0 


. t 3^ "l*- 

i#- 4 )k f w 

. I (-l) 3 ^)^ 3 n 5 } x 3 
3=0 ^ i=0 a 


k + . . . k k 

2 (|x )kf(x) 

k=0 K ‘ ax 


k . - , . n a +3 

2 (-l) 3 ( k ) x k " 3 H a), x 0 
i=0 3 i=l "' 1 


which with the help of (12.2.1) yields 


k,+ • . .+ k -u. lr 

s IgLL D k f( x ) 2 (-l) 3 ( k ) x k-3 

te=0 k * 3=0 3 


. V 3 s/ a o +3+a l~ k l^ / a o + 3+ a l + • • ir+ a n” k l ' 

• ( k l K k 2 } *“ ( ^ 
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s, + a^+ « 
„ o 1 


•+a. 


n 


■ k l“ k 2"' 


. -k + i 
n d 


we have, 


( 12.3.1) 


n 

n n f 

r=l r 


* • •’T’k "lr' 

1 z z 

k=0 j=0 K * 


k " D “ (Y 3 )( a ° +3 l ai - kl ) 


k r 


, V 3 + a x + . . .+ a n _ . . .-k n _ ± 

• • • v. J 


k. 


'n 


a +a.+ . ..+a -k- . . .-k +3 v -a„ 

.x 0 1 “ 1 n D k (x °f). 


Thus equations (12.1.9) and (12.3.1) give us an explicit 
form for S^^(a Q ; a 1 , . .. ,a n ; k^kg, . .. ,k n ) as, 

(12.3.2) ^q+1 ( a o* a l* • • * » a n *^i» • • * 


q. _ a +i a +i+a.-L 

= L. Z (-l)^ 0 ) ( 0 11 

* i=0 k l 


*2 


) 


...( 


a o +i l +a l + * • ,+a n-l" k l k n-l 


). 


k 


n 


Now, 


n , 

n 51 f 
r=l r 


■ k 1 +...+k n 

: S q+ 1 1 ( a o , *** ,a n ?k l ,,, * k n^ 

. x c5 ^4 +eJ ‘ d n k i' k ^" " k n +c V ^q (x ” a o f ) 


a k n -1 
= x n D n n Si f 


a ]£ k^+ • •+ k n _ il 

= x n D n H 2 ^ S q+l( a o» * *• » a n-l ,k l»* * ,k n-l^ 


3=0 
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»x 


a + . . ,+a 1 — k., . . k 

o n- 1 1 n 

A. 

k 1 +...+k n _i 


- 1+4 D^(x** a ° £) 


2 

q=0 


S q+l < ‘ a o , *“ ’ a n-l* k l’* , * ,k n-l^ 


L(a 0 + • • • +a n _i + k^+ . . .+k n __ 1 + q) , 

• • ( a Q + • . * +a n- .q“k^. . . -k^-t- 1 ) 


+ x 


a o + *-‘ +a n-l~ k r‘‘~V^ D q (x - a o f) 

S' * * • H" S, A ® • 9 i*"^* Q. n I i *"*S, mm 

o n-1 1 n-1 V + l(x °f)]. 


Thus, the coefficients independent of q yield, 


(12.3.3) 


,n+l 


(a 0> .*.»a n ;k 1 ,...»k n ) - ( a 0 +a q + • • • +a i^.I“ k i* ,k n~l^ 


■rk. 


n 


(12.3.4) 


XI \ 

a o 5 * * * * a n— 1* ^*1 f * * f ^Si—1 ^ 
( a Q -k 1 + l) k ^...(a Q +.. •+%^ 2~ ]£ 1 0 0 0 ~ k n-l + 1 ^k n _ 

. (a +• . * +a 11 „i-' k 1 * **“ k n + l)k * 


further , 


n-hl 

n ft f 

-i r 

r=l 


x a in- 1 D k ijM-l n q f 
r=l x 


a v k + .. ,+k. 

ve- • - 1 

x D 


, * .ci x ^ k f l ) k "" ^ / k \ / a o + ^ \ 

m ‘ 1 ' n v 2 kf— (jH 




cl 


0 


k— 0 3=0 

,+ • • - +a n-l- k l- ”-4-1 )x V • • +a n- k l- --V3 


n 


,D k f(x) 
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q V ^ , ,+k 

L n+1 n+1 1 n _,n+l/ . , , v 

B jjJq S k+f a o a n ;k l ,-, ‘ Itjj) 


a+.-.+a^k ...-fc n+ k k 
•x D f(xj 


a k.+ . . .+k 

n+ 1 y, s n + 1 / a . „ „ v k ) 

x b k+l u o ,, * # » a nS x 1 ,...,is: n ; 




»x 


V- +a n- k l"-Vl +k 


•u. a + . . .+a . -k 1 . . ,-k +k k+k : 1 

.D k f(x) + x 0 n 1 ” D ml £(x)J 


Thus we have 


k + .. ,+k 

1 n+1 „n+2, , o »k v \ 

b b k+l u o* •'* ,a n+-l ,iC l , ‘* * ’ n+1' 

KzzU 




d + * * * +s W l“ k l ' * * ~' k h+ l +k ^k 


D f (x) 


k l + *** +k n wl 

^ ^ V * * * + a n~ k l * * * ~ k n+ 1 + 1+ lc ^k n+ 1 S k+ 1 


’ . -i \ V +a n+r k i ^l^k , x 

* ( b j ••• > b^j k^ ) •• • > )x D f(xj 


k„+...+k 


n 


+ ^ ^ktl ( a o* * # * * a n* ^1* * # * 


k=0 


a + « ♦ 
. o 


• + an+ l~ k l * * * - k n +k D k+kn+ 1 f ( x ) 


Equating coefficient independent of we obtain, 
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(12.3.5) S^?( 


k+l va o’ a i> • • • » » • • • » \)= { a Q + . . .+ a n ~ Js^ , 


1 a ni? c i > • • • » k )- ( a + . . .+• a ~k- . . . 


•- V 1 + 1+k V Skt 1< a 0 , . . . , a n i k 1 , . . . ,k n ) 


k ~ k l>hl +1 a ° ? ’* * ,an ’ kl ’ ’** ’ kn ’ 


When ^=^0=...=^=^^!, equations (12.3.2), (12.3,3) aDd 
(12.3.5) reduce to Shrivastava £ 6 , equations (3.1), (3.2) and 
(3.3)3. 


When f=l (12.1.9) yields 


(12.3 .6) 


V-- +k n 


^0 (-1)^ S^J(a o 5a 1 ,...,a n ;k 1 ,...-k n )(a o ) (1 =0 


Further inverting (12.3.2), we get 

a + 4 x a +q+a 1 -k 1 a + . . ,+sl 1 -k 1 . . .-k + 1 
(12.3.7) ( ° ) ( 0 k 1 X )...( 0 1 n ) 

*1 2 n 


ql i =0 ^ S i +1 ( ’ a o ,, ** , V k l , *‘* ,k n ) * 


12 .4 GSR SAIN OPERATIONAL FORMULAE AED OfHBR BEIA'JIOIS FOR 

T"a.y? >p )' " . 

■l n (x;a 1 ,... »a n ,k 1 j... k n ) 


Use of (12.1.9) and (12.1.10) yields, 


, v (a jr,p) 

( 12 . 4 . 1 ) T n (x; a 1 ..,a n ;k 1 , .. . k^) 

k + . . .+k 

- aP X T. (a . 


S q+l (a o , *“ ,a n’ k l , “* k n^ x 


(e”P x ) 
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and also, 
(12.4.2) 


we get , 


and 

( 12.4.5) 


( a 0 s r ? p ) „ . -a r 

(x; a^, . . . , j k-i , . . > , k^ ) — x a 


k.+ . . .+k 
1 n 

2 

q=0 


a 


S <£l k n ) 


. xV(x 0 e- px ). 

Since , 

(IS .4 .3) 4 r >( X ,a,p) = (-1)W X V OV^H 


(12.4.4) I 


(a t r,p) 


n 


(xi a^j » . . , a^j k 1 , . . . jrk^ ) 


'n* 1 ! 


n' 


k 1 +...+k n 


(-1)^- S^ 1 (a ; a^.^a jL,... k ) 


4= 


: 0 


q+1 v o’ 1’ * * * n* 1 


n' 


.x q H^ r \x» ? a Q ,p ) 


1 


(a :r,p ) 


3Q 


( X| 3^ * ♦ » * y > * *•» ) 


k 1+ ... + k n 

2 

q=0 


S p+1 (°? a i»*‘*» a n > k i»'* *» k n^ 


•x 


q H^ r ^(x,a ,p ) . 



REFERENCES 


Chak, A.M. : 

Chatter jea, 

Brdelyi, A,: 

Gould, H.W. 

Shrivastava. 

Shrivastava, 

Singh, K.P.: 

Srivastava, 

Srivastava, 

Steff enson, 

lascano, 1 • : 

lascano, 1 •: 


A class of polynomials and Generalization 
of Stirling Numbers: Duke. Jour, of Math. 

Vol, 23, 1956), pp » 45-55. 

S.K.; On generalization of Daguerre polynomials: 
Revd. Sem. Mat, Univ. Padova, 34, 1964, pp . 
130-190, 

•• 

Uber gewisse funktional beziehungen Monats- 
hefte fur lathematik and Physik: Vol. 45, 

(1937) pp. 251-279. 

and Hopper, A.T.: Operational formulas connected 
'with two generalizations of Hermite polynomials: 
Duke. Math. Jour. 1962, pp • 51-64. 

P.N.: On a generalization of Humbert polynomials: 
Publ. De L’ Inst • Mathematique N.S. lome 22(36) 
1977, pp. 245-253 (Beograde). 

P.N.: Note on a generalization of Stirling 
numbers and associated functions: paper 
presented to the National Academy of Sciences 
India, Golden jubilee session held at 
Allahabad from Oct, 23 to 27, 1980, pp . 26. 

On generalized fruesdel polynomials: Riv. 

Math. Univ. Parma (2), 9, 1967, pp. 345-353. 

H.M.: Doctoral Ihesis, University of Kuch (1954). 

K.N. and Singh, R.P.: A note on generalised 
Daguerre and Humbert polynomials: Da Riecerca, 

Sep .-Oct. 1963, pp , 1-11. 

J.P.: A class of polynomials and their application 
in acturial problems, skandicavisk, Aktuarie- 
tidykrift (1928), pp . 75-97 . 

On a class dipolinomiaella mathematice 
atturariale, Rev. de Math, della Univ. di 
Parma, Vol. 1 (1950), pp. 459-470. 

Numori de Stirling generalization, operation 
differenzialie, polinomi, ip ergeome trice, 
Pontificia, Academia Scientianm Commetationes, 
Vol. 3, (1939) pp. 721-7 57. 


.APPENDIX 


Here we mention below some well known formulae and 
relations which are frequently used in the present thesis 
They are : 

1* (a) n = a ( oc+ ' 1 '^ ••• (a+h-l) 


3 . 


= (-D“ 


n 


2 . (a ) n __ k = 

= {S^rrlf 



n! _ (-l) k (-n)li; 

= r^TH 1 - - 


■ n 


k! 


x „kn,a\ /a+1 \ /a+k-1 \ 

5 * ( a ^iai = K ^k } n ( k k ; n 


6 • 


7 . 


8 . 


( a) k+iT (ci+k) n 


OO OO 


£ £ A(n,k) 

n= 0 0 


OO OO 


£ £ A(n,k) 

n=Q te=0 


oo n 

£ £ A(n-k,k) 

n=0 k=0 

oo fr/3 

£ £ A(n-2k,k) 

n=0 k=0 


9. e 15 - 0 f(x) = f(x+t) 

. B“(TJ.V)- 2 (”) (D n - r U> (D r .V) 

r=0 


10 
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11 . e lD (U,V) = (e tD U) (e tD .Y) 


12 


15 . 


14 . 


15. 

16 . 


?(,j) {x a g(x)}= x a F P|+Dj S(x) 

Y(J; (e h( ^g(x)} = e n ^ x) {h*(x)+D} g(x) 

where D = 4— 

dx 

e n x“ = (a)^ X-1,n ^ x a+ < X - 1)n 


i d 

where 0 = x A — 
dx 

a ( ^ > n )_ a(a+ x)(a+2 x)* •• (a+nH X) 


e te f(x) 


f (' 


x 


pL~ ( x— 1 ) t xX-l^VX-T- 


17. e n (u.v) = s (?) (e n “ r u)(e r v) 

r=0 r 

18. e t 0 (U.V) = (e te U) (e t0 .Y) 

19. 2(0 ) {x a g(x) } = x a r-pax^Vg g(x) 

20. P(e ) ( e h ^g(x) > = e h ^ x ' ) I'[x x h , (x)+g g(x) 

where h* (x) = • 


